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REAL ANALYSIS UNIT - 1 


INTRODUCTION 


The concepts of sets and functions are indispensable to almost all branches of | 
pure mathematics. The usual material of elementary set theory is so current that we 
take it for granted. 


1) A is a subset of B written as ACB 

п) Union of two sets A and B written as AUB 

iii) Intersection of two sets A and B writtenas Ас\В 

iv) Complement of subset of A of X written as A^ 

v) Difference of two sets A and B written as A-B 

V1) Cartesian product of two sets A and B written as f : A x B 
vii) А function f from a set A to a set B written as f : A—B 
viii) The empty set which contains no element is denoted by 9. 


Certain letters are reserved to denote particular sets which occur often. 
They are: 


N, the set of all natural numbers 

Z, the set of all integers 

Q, the set of al rational numbers 

Q*, the set of all positive rational numbers 

R, the set of all real numbers 

R”, the set of all ordered n-tuples (x,, X,, ....... , X,) of real numbers 

C, the set of all complex numbers 

С", the set of all ordered n-tuples (z,, Z,, ...... ‚ Z,) of complex numbers 

The concept of union and intersection can be extended to any collection of A 


Let I be a nonempty set. For each іє1, let A, be a set. Then we say that (A/A1elj 
is a family of sets indexed by the set I. 


We define ЧА - {х/х €A, for at least one 1 el} 


iel 
and Uu = {x/x eA, for alli el} 
Example : 


For each ieN, let A, = {1, 1+1,....., itn,.....} 
oo A, = {1,2,.....}; A = 42, 3,..... | eee ! 
Then (A/ieN] is a family of sets indexed by М. 


ПА; _ 
ieN ‚а. 
Note 1: 
UA; V 
‚ 4-1 is also written as UA; and 
1ЄМ 1=1 
ПА; ПА; 
‘en as РЯ і. 
Note 2: 


Тһе distributive laws for union and intersection and De Morgan's laws for finite 
number of sets can be generalised to any collection of sets as follows. 


M С 
i) | vas = NAi 
icl jel 
C 
C 
- A: _ UA; 
" (A ) id 
iii) Ao UB. = U (ANB;) 
iel iel 
iv) af пв = N (AUB;) 
iel iel 


Intervals in R : 


Let a, b e Е and a<b. Then 


1) (a, b) = (x/xeR and a<x<b} is called the open interval with a and b as end 
points. 

п) [а, b] = (x/xeR and a<x<b} is called the closed interval with а and b as end 
points. 


ш) (а, b] = (x/xeR and a<x<b} is called the open-closed interval with a and b as 
end pionts. 


iv) [а, b) = (x/xeR and a<x<b} is called the closed-open interval with a and b as 
end points. 


v) [a, оо) = {x/xeER and х>а} 
vi) (а, о) = [x/xeR and x>a} 
уп) (—œ, a] = (x/xeR and x<a} 
Vill) (—o,a) = {х/хєЕ and x<a} 
IX) (ә, о) = К 


Any subset of R which is one of the above forms is called an interval. Any ` 
interval of the form (1), (11), (iii) or (iv) is called a finite interval or bounded interval 
and any interval of the form (v), (vi), (vii), (viii) or (ix) is called an infinite interval or 
an unbounded interval. 


The singleton set {а} is considered to be a degenerate closed interval [a, a]. 


COUNTABLE SETS 


If a set A is finite then we can actually count the number of elements in this set. 
In other words we can label the elements of A by using the natural numbers 1, 2,....,n 
for some n and the number of elements in this set A is n. 


In this case there exists a bijection f from A onto the set (1, 2,.....,.n} and hence 
if A and B are two finite sets having the same number of elements, then there exists a 
bijection from A to B. 


Definition : 


Two sets А and B are said t be equivalent if there exists a bijection f from A to 
B. 


Note : 

Two finite sets А and B are equivalent iff they have the same number of 
elements. Hence a finite set cannot be equivalent to a proper subset of itself. However 
an infinite set can be equivalent to a proper subset. 

Example 1 : | 

Let A = N and B = 12, 4, 6......,2n,.....} 

Then f : AB defined by f(n) = 2n is a bijection. Hence A is equivalent to B 
eventhough A has actually ‘more' elements than B. 

Example 2 : 
М is equivalent to Z 


The function f : NZ defined by 


п... 
— if nis even 


Кп) = jin. "— 
—— ifn is odd is a bijection 


Hence N is equivalent to Z. 


Definition : 


A set A is said to be countably infinite if A is equivalent to the set of natural 
numbers N. 


A is said to be countable if it is finite or countably infinite. 


Note : 
Let A be a counjably infinite set. Then there is a bijection f from N to A. 
Let f(1) = a, f2) = а„........‚, п) = | 
Then А = LM A 2 


n?'''" 


Thus all the elements of A can be labelled by using the elements of N. 


Example 1 : 


{2, 4, 6,.....,2n,......] is a countable set. 


Example 2: 


Z is countable. 


Example 3 : 


dll | 
Let A = A 


n PRE 
The function f : NA defined by f(n) = pan is a bijection. 


Hence A 15 countable. 


Theorem 1 : 


А subset of a countable set 1s countable. 


Proof : 


Let A be a countable set and let BcA. If A or B is Bs then obviously B is 
countable. Hence let A and B be both infinite. 


Since A is countably infinite, we can write A = {a,, а,,...... ‚а„.....}. Let an, be 


the first element in A such that a, EB. Let an, be the first element in A which follows 
a, such that a, eB. 
1 n) 


Proceeding like this we get B = {a, > asy }. Thus all the elements of B canbe 
labelled by using the elements of N. Hence B is countable. 


Theorem 2: 


Q* is countable. 
Proof : 
Take all positive rational numbers whose numerator and denominator add up to 


1 
2. We have only one number namely D 


Next we take all positive rational numbers whose numerator and denominator 
add up to 3. 


We h : = 
e have > and т. 


Next we take all positive rational numbers whose numerator and denominator 
add up to 4. 


Wehave and 
е еэ 3 


Proceeding like this, we can list all the positive rational numbers together from 
the beginning omitting those which are already listed. 


1 112 3 | 
Thus we obtain the set pha 3^5 saves 1. This let contains every 


4 Ыы 
positive rational number each occuring exactly once. 


- 


Thus О? is countable. 


Theorem 3: 


О 15 countable. 


Proof : 
We know that Q* is countable. 


Let  Q*-ír,r,....... pb scd 


Let f : N — Q be defined by 
f(1) = 0, f(2n) =r, and f(2n*1) = -r 


Clearly f is a bijection and hence Q 1s countable. 


Theorem 4: 


N х N is countable. 


Proof : 

N x N = {(a, b)/a,b e N} 

Take all ordered pa'*s (a, b) such taht a+b = 2. There is only one such pair 
namely (1, 1). | 

Next take all ordered pairs (a, b) such that a+b = 3. We have (1, 2) and (2, 1) 

Next take all ordered pairs (a, b) such that a*b — 4. We have (3, 1), (2, 2) and 
(1, 3). 

Proceeding like this and listing all the ordered pairs together from the 


beginning, we get the set {(1, 1), (1, 2), (2, 1), (3, 1), (2, 2), (1, 3),......}. This set 
contains every ordered pair belogning to NxN exactly once 


Thus NXN is countable. 


Note : 


The above process of arranging the elements of NxN as a sequence can be 
represented by means of a diagram. This process is known as Cantor's diagonalisation 
process. 


(1, 1) (2, 1) —* (3, 1) (А. 1) 


b 


(1, 2) (2, 2) (3, 2) Ron ELM 


Wa 


(1, 3) (2, 3) (3, 3) (4,3)... 
| 


(1, 4) (2, 4) (3, 4) (4,4) 


Theorem 5: 


If A and B are countable sets then AxB is also countable. 


Proof : 
We assume that A and B are countably infinite. 
Let А = {а}, a), ....... ,a 
B = {b,, b,, ...... eee } 
Define f : NXN — AxB by f(i, J) = (а, bj) 
We claim that f is a bijection. 
Suppose x = (p, q)e NxN and y = (u, v)eNxN 
f(x) = Қу) = (a,b) = (a, b) 
=> 8,74, b, =b, 
p=uandq=v 
(р, q) = (u, v) 
х= у 


Uug 


ob fis 1—1. 

Now, suppoe (am, an)e AxB. 

Then (m, n)eNxN and f(m, п) = (a,, a,). 

со, f is onto. Hence f is a bijection. 

Hence AxB is equivalent to NxN which is countable. 


Hence AxB is countable. 


Theorem 6 : | 

Let A be a countably infinite set and f be a mapping of A onto a set B. Then B 
15 countable. 
Proof : 


Let A be a countably infinite set and ҒА ЭВ be an onto map. Let beB. Since f 
is onto, there exists at least one pre-image for b. Choose one element аєА such that 
f(a)-b. 


Define g : B>A by g(b) = a. 
Clearly g is 1—1. 
со B 15 equivalent to a subset of the countable set A. 


со B is countable (by theorem 1) 


Theorem 7: 


Countable union of countable sets is countable. 


Proof : 


Let 5 = (A,, А,,.....,А ,..... } be a countable family of countable sets. 


A» 
Case (i) : 
Let each A, be countably infinite. 
Let A, = {а}, а.,..... T у кке } 


A, = {45,5 855, ..... - о } 


We define a map f : NxN->VA, by f(i, Ј)=а,. Clearly f is onto. 
Also by theorem (4), МХМ is countably infinite. 


Hence by theorem (6), UA, is countably infinite. 


Case (ii) 
Let each A, be countable. 


For each i choose a set В. such that В, is a countably infinite set and A,CB,. 


Then VA,cB.. 
UB. is countable 


oo VA, is countable (by theorem 1). 
Worked Examples : 


Example 1 : 


Any countably infinite set is equivalent to a proper subset of itself. 


Solution : 


Let A be a countable infinite set. 


Clearly B is a proper subset of A. 
Define a map f:A->B Бу Ќа) = a,,, 


Clearly f is a bijection. Hence А is equivalent to B. 


Example 2 : 


Any infinite set is equivalent to a proper subset of itself. 


Solution : 
Let A be an infinite set. 
Choose any element а,є А. 
Since А is infinite set, we can choose another element a,c A—{a,} 
Suppose we have chosen а, a,,.....,a, from A. 
Since A is infinite, A—{a,, a,,....,a,} is also infinite. 
o We can choose a +; from А—{а|, a,,....,a,] 
B = {a,, а,,...... ‚а appe d} 1s countably infinite subset of A. 
Clearly А = (A—B)UB. 
Consider the following subset C of A given by 
C-(A-B)u (a5,a,,.....,8,,....] = A- {a} 


Clearly C is a proper subset of A. 
Consider the function f : AC defined by f(x) = x if xe A-B and Қа) = an+ 


Obviously f is a bijection. 


Hence A is equivalent to C. 


Exercise : 
1. Show that N and А = (101, 102, 103,....) are equivalent. 
2 Show that for any two sets A and B, the set AxB is equivalent to the set BxA. 


3. Prove that the set of all even integers is countably infinite. 


UNCOUNTABLE SETS 


Definition : 


A set which is not countable is called uncountable. 


Theorem 8 : 
(0, 1] is uncountable. 
Proof : 


Every real number in (0, 1] can be written uniquely as a non-terminating 
decimal 0.a,4,,......a,.... where 0<а,<9 for each i subject to the following restriction that 


any terminating decimal 0.a,a,,....... a 000....... is written as 0.a,a,....(a, ,)999.... 
For example 0.54 = 0.53999...... 
1 = 0.999... 


Suppose (0, 1] is countable. 
Then the elements of (0, 1] can be listed as 


{X 1, X2 usse Xs] Where x, = 0.а,,а,,...... a, 


CEE OE O a 


For each positive integer n choose an integer b, such that Osb <9 and bnzO and 
b za. 


10 


Let у= O.b, b, b, ...... 

Clearly y e (0, 1] 

Also y is different from each x, at least in the і place. 
Hence у + x, for each i which is a contradiction. 


Hence (0, 1] is uncountable. 


Corollary 1 : 
.. Any subset A of R which contains (0, 1] is uncountable. 


Proof : 
Suppose А is countable. 
oo By theorem (1) any subset of A is countable. 
Hence we get (0, 1] is countable which is a contradiction. 


o> А is uncountable. 


Corollary 2 : 
R is uncountable. 


The result follows directly by taking A = К. 


Corollary 3 : 


The set S of irrational numbers is uncountable. 


Proof : 
Suppose S is countable. 
We know that Q is countable. 
со SUQ = R is countable which is a contradiction (by corollary 1) 


до S is uncountable. 


Exercise : 


1. Prove that С is uncountable. 

2. Prove that any interval in R which contains more than one point is uncountable. 

3. Prove that the set of all irratational numbers lying in the interval (0, 1] is 
uncountable. 
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INEQUALITIES OF HOLDER AND MINKOWSKI THEOREM 
(HOLDER'S INEQUALITY) 


i 1 n n VP Ty Ж. 
If p > 1 and q is such that —+—=1{һеп > laibi| < | 2 ei | | уз zl 
р q 1-1 i=l i=l 
where a,, 2, ...... , a, and b,, Бо , b, are real numbers. 


Proof : 


First we shall prove the inequality. 


1/р ,,1/ X y 
x' Py "So tg where x 2 0 and y > 0. 


This inequality is trivial if x = 0 or y = О. 


Let x, y > O. 


| 


1 
Consider f(t) tÜ—ÀAt-A-1 where A = m and tz 0 


Then f(t) = А-А = А (0-1-1) 
КО = f(1)=0 
Also f(t) > 0 for 0 < t < 1 and f(t) < 0 fort? 1. 


X 
& f(t) < 0 for all t > 0 and in particular (5) <0. 


l/p 
107 (=) ZH 
y P\y/) P 


1-1/ X 1 
Multiplying by y we get ху! р) -х E <0 


o xl/pyü-Vp) X. Y co E 1-2-1 
р q 
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Р q 


To prove Holder's inequality, we apply the above inequality to the numbers 


aP Ы 


ФР ХЫ 
1 i=l 





for each j = 1, 2, ..... , n. 


We get ei bj < Jy for all j = 1, 2, ....., n. 
р q 


1/р l/q 7 
р q 
Е jail | Е Ы] | 
i=] i=! 


Adding these n inequalities we get 
n 
— age [ШӘ 
n 1/р P Ич ^ j=] 
ЗАР) [P 
1=1 1=1 


X; . 1 1 
e = — >: Xjt— > Yi 
IP q | 


= LER since Ў 
q i= 


кр cad 
p P E 


jel J= 


Using this in (1) we get 


е 1/р " 1/ 
эы s |Р} E 
i=] = i=} 
l/p l/q 
oo È laibil < Е zd | Ў f | 
i=] i=l і=1 


Note : 


If we put p = 2 = q in Holder's inequality we get the following inequality which 
is known as Cauchy-Schurarz inequality. | 
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Theorem 10 : (Minkowski's nequality) 


VP г. Vp г, Ир 
If pz 1, | 2 bi bif <| Y iP. | EP where a,, а„,......,а„ 


Do scc .b, are real numbers. 


Proof : 


This inequality is trivial when p = 1. Let p>1. 


| Ў мны?" (1) 
ae me eC 
3 [self (asl +d 


= | | -] 
= Хыны)? + 2 eed loi 
1= 1= 


Мр (p-1) 4 
<|? P. Е (lai + |bil) | 
t=1 i=1 
1/р 1/9 
р -1 
Е |ы | Ё (ail «|b;]'? "i 
i=] і=1 | 
1 


1 
where p T q = 1 (using Holder's inequality). 


IA 


А 1/р 
Clearly, |? + bP 
|= 


È [аЬ 


1 1 
Since ? "n =1 we have p*q = pq 


Hence (p-1)q = p 
А 1/9 
Dividing by | B (ыы we get 
1= 


-1/р 


А |. 31-1/q d l/p 
Е (ыы? | i È P Е P | 
i=l i=l i=l 


l/p l/p 1/р 
Га (ыны? sfam] ЫР | — T 
i= i= 


i=] 
From (1) and (2) we get the required inequality. 
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METRIC SPACE 


The concept of convergence of sequences of real numbers depends on the 
absolute value of the difference between any two real numbers. We observe that this 
absolute value is nothing but the distance between the two numbers when they are 
considered as points on the real line. For the study of the concepts like continuity and 
convergence the algebraic properties of R are irrelevent. A set equipped with a 
reasonable concept of distance is called a metric space. 

Definition : 


A metric space is а non empty set M together with a function d: MxM—9R 
satisfying the following conditions. | 


i) d(x, y) 2 0 гаі х, y € M 

i) d(x, y-0iffx-y 

iii) (х, у) = (у, x) for all x, y e M 

iv) (х, 2) S d(x, y)*d(y, z) for all x, y, z e M (triangle inequality) 


d is called a metric or distance function and d(x, y) is called the distance 
between x and y. 


Note : 


The metric space M with the metric d is denoted by (M, d) or simply by M. 


Example 1 : 


In R we define d(x, y) = |x—y|. Then d is a metric on R. This is called the usual 
metric on R. 


Proof : 
Clearly d(x, y) = |х-у|>0 
Also d(x, y) ^ 0. © |x-y| = 0 
€» х= у 
d(x, у) = Ix-yl 
= ly-x| 
= (у, x) 
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Let х, у, 2 є К 
Then d(x, z) 


Ix-z| = |x-y+y—z| 


IA 


Ix-y|*ly-zl 
d(x, y)+d(y, 2) 
d(x , y)+d(y, 2) 


ІА 


oo d(x, 7.) 


tA 


Hence d is a metric on R. 


Example 2 : 

In C we define d(z, w) = |z—w|. Then d is a metric on C. This is called the usual 
metric on C. 
Note : 


If the complex number z = xtiy is identified with the point (x, y) of the two 
dimensional Euclidean plane then the above distance formula takes the form 


d(z, w) = (х-и)? +(y- vy where z = х+іу and w = utiv 


Example 3 : 
On any non-empty set M we define d as follows. 


0 if x=y 
d(x, у) = liit xay 


Then d is a metric on M. This is called the discrete metric on M. 


Proof : 
Clearly d(x, y) 2 0 and d(x, у) = 0c» x = y 


0 if x=y 
Also d(x, y) = d(y, х) = iit xay 


© d(x, у) = (у, x) for all x, y e M. Let x, у, 2 є M 


Case (i) : 


X = 7 
Then d(x,z) = 0 
Also d(x, у)+а(у, z) > 0 
до d(x,z) < d(x, y)*td(y, z) 
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Case (ii) : 
X # Z 

Тһеп d(x,z) = 1 
Also since x, z are distinct, y cannot be equal to both x and z. 
Hence either y # x or y # 2. 

d(x, y)+d(y, z) 1 

d(x, 2) d(x, у)+а(у, 2) 

Thus а(х, z) < d(x, y*d(y, z) for all x, у, z є M 


Hence d 15 a metric on M. 


IV 


I^ 


Example 4: 


- y 12 
d(x, y) = Be? > 0 


j= 


„ „12 
d(x, y) =0 < 2 (к-у) -0 
i= | 


€» (xB—-y = 0 for all i = 1, 2,......,п 
€» х. = y, for all i = 1, 2, ..... ,n 


© (X,X4..,xX)7 (Vy. У»,----., У,) 


< х = у 


„1/2 
Gi - Yi) | 


Also А а(х , y) 


|| H 
m =, 
П Ms 


| 
е. 
am, 

с 

pS 
—/ 


To prove the triangle inequality, take а, = x,-y,, b, = y;-2, and р = 2 in 


Minkowski's inequality. 
К ; 1/2 
È (xi yi) | | | 


i=l 


[A 
sd 


| „12 
We sot > (xi -zi) | 


ps 
i.e., d(x,z) < d(x, y) + d(y, z) 
oo d is a metric оп К". 


Note : 


R” with usual metric is called the n-dimensional Euclidean space. 


Example 5 : 
Consider R". Let p > 1. 


М " l/p 
We define d(x, y) = 2s -yil 
E 


X = (Xp X, ....., X) and y = (у, у,,..., Ya) 

Then d is a metric on R”. 

The proof is similar to that of Example 4. 

Example 6 : 

Let x, y є R2. Then x = (x,, x,) and y= (y,, yj) where x,, xj, у, y; є R. We 
define d(x, y) = [x,-y,l*Ix;-y,]. Then d is a metric on R°. 
Proof : 

d(x, y) 7 IX yl u Ix,-y.l 20 
d(x, y) =0 < к-у + {ху = 0 
< |х,-у,| = 0 and |х,-у,| = 0 
€» x, =y and x, = у, 
<> (ху, X2) = (Yp Y2) 


e x-y 
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d(x, y) Ix —y,l + Ix,—y;l 
Е |У Х| + ly5-x.] 
— d(y, x) 


Let x, у, z є R?. 


d(x, z) Ix ,—Z,| + [x-z 
= xy tyz + x-y;ty-. 
< {kx,-yHly,-2,]} + (x;-—iltlyP- 
= {[x,-y + x,-y,]} + {yzlty} 
= d(x, y) + d(y, z) 

Thus d(x, z) < d(x, у) + (У, 2) 


Hence d is a metric on В2. 


Note : 


| п 
More generally in К" we define d(x, y) = 2 Pi m yil where x = (x,, X,, 
1= 


y = (Yp У,,....,у,). Then d is a metric on К". 


Example 7 : 
In К" we define d(x, y) = max(|xi-yi|, i = 1,2, ...... , п} 
X = (X. X ue , X) 
and Уу (is ys: 2 yz) 


Then d is a metric on В". 


Proof : 


d(x, y) max {|х,—у||, [x;—y........ „хуа 2 0 
d(x, y) = 0 <= тах {|x,-y)|,......1x,—-y,|} = 0 


€» x.y, = 0 for all i = 1, 2,.....,n 


€» x, = y, for all i = 1, 2,.....,n 
€» (Xp x,......, X,) = (y,, У-У) 
< х = у 
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....,X,) and 


d(x, y) = max {|x;-y,|} 
= max {ly,-x;|} 
= (у, х) 
Let x, y, 2 є R?. Since each X; Yp zZ ER 
We have Ix,-cz| < |x—y,/+ly,-z,| for alli = 1, 2,....,n 
dS max |x,—z,| < max|x.—y.| t maxly.-z.| 
oo d(x, z) < d(x, y)*d(y, 2) 


Hence d 15 a metric on В". 


Example 8: 


oc 
Let p21. Let |, denote the set of all sequences (x,) such that хар 15 


1/р 
oc 
convergent. Define d(x, y) = | > [хп -vaP where x = (x,) and y = (y,). 
n= 


Then d is a metric on 1. 


Proof : 
Let a, b є Г. 


First we prove d(a, b) is a real number. By Minkowskis' inequality we have 


1/р 1/р l/p 
E а; zd < Ё АР | P | aine (1) 
1-1 1-1 i=] 


Since a, b є l, the right hand side of (1) has a finite limit as n—>oo. 


1/р 
n 
oo Е ачыр is a convergent series. Similarly we can prove that 
= 


1/р 
B È Jaj - bi] P is also a convergent series and hence d(a, b) is a real number. 
i=] 


Taking limit as п—»оо in (1) we get 
l/p 1/р 1/р 
oC oc oC 
ЕЎ + 5 iP] * (БЫР Ее (2) 
1= i= i= 
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Obviously d(x, )>0 


d(x, y) 
and d(x, y) 


Oiffx-y 
d(y, x) 


Letx,y,ze А 


Taking a, = х,-у, and b, = yz; in (2) we get 


U/p 1/р 1/р 
Ё i-a. и E hiv {ғ d 
i=l i=l i=] 


oo d(x,z) < d(x, y) + d(y, 2) 
Hence d is a metric on l 
Note : 


In particular /, is a metric space with the metric defined by 
= 371/2 
d(x, y) = E [Ikn -ynl | 
n= 


Example 9 : 


Let M be the set of all bounded real valued functions defined on a non-empty 
set E. Define d(f, g) = sup {|f(x)—g({x)|}/xeE} d is a metric on M. 


Proof : 
d(f,g) = sup {lf(x)-g(x)|} 2 0 
Also, d(f,g) = 0 < sup{\|f(x)g2(x)|} > 0 
<> If(x)-g(x)| = 0 for all xeE 
<> f(x) = g(x) for all xeE 
«> f=g 
sup {|f(x)-g(x)|} 
sup {|в(х)—((х)} 
d(g, f) 


Also d(f, g) 


li 
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Let fi g;, he M 


We have IfG)-hG0| < E-go gaha) 
оо supí|f(x)-h(x)) < вир{х)—в(х)|}+зир {в(х)—һ(х)|} 


oo d(f, h) d(f, g)*d(g, h) 


Henc. d 1s a metric on M. 


Example 10 : 
Let M be the set of all sequences in R. Let x, y є M and let x = (x,) and y=(y,). 
Define d(x, y) = D E 
n=12"(1+|Xy — nl) 


Then d is a metric on M. 


Proof : 


Let x, y e M. First we prove that d(x, y) is a real number > 0. 


IXn = Yni < 1 
We have 2^(1 +|х _ Ул) pn for all 1. 


oc ] 
Also > п is a convergent series. 
n= 


[Xn = Ул 
п (1 +|ха _ ynl) IS а convergetn series. 


Ма 


о 
о 


? n=12 
oo d(x, у) is a real number and d(x, y) > 0 


€ _|ха-уў —— 
а(х, y) - 0. = п=1 2^ (14 Ix ~ уа]) D 
e Ix, —Y,l — () for all n. 
€» x, = y, for all n. 
< х= Уу 
O go [Snn — 
Also d(x, y) = nz] 2^ (14-]xg — Yn) 
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= [Yn — Хи 
n=1 2"(1 + lyn — xnl) 


= d(y,x) 
Let x, y, z e M. Then 
_|ка- | o 0.0 1 
1+|xn- Zn — 1 [xa — 21| 


1 
(1 * Xn = Ynl + lYn = Zn l} 


lA 


Xn = Yn + lyn — Zn| 
1+|Xp —Yn|+l¥n - 21] 


Xn = Yn 2: [Yn а Z| 
1 [xs —Ynl+l¥n ^ 22| 1+ [xo — Yn! *|yn — 23] 
Xn —ynl М [Yn — Zn 


1 [xs ~ yn] 1+l¥n - 24] 


1 
Multiplying both sides of the inequailty by jn and taking the sum from n = 1 to 
© we get d(x, z) x d(x,y) + d(y, z) 
oo d is a metric on M. 
Example 11 : 
Геї / denote the set of all bounded sequences of real numbers. Let x = (х) and 
y = (у )є/° define d on /? as d(x, y) = lub|x, —y, |. 
Then d is a metric on /°. 
Solution : 
d(x, y) = lublx.-y,]z 0 
d(x, у) = 0 < lubix -у| = 0 


€» |x,-y,| = 0 for 1<п<оо 
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€» x, = y, for 1<п<‹ 
=> (xy = (y) 
= х= у 


d(x, у) = lub|x,—y, | 


lubly,—x, | 


d(y, x) 
Let z= (zy) 


| 


IA 


xz] < Ka Yal + Ya Zal 
lub|x, —y,| + lub|y,-z,| 
d(x, y)*d(y, 2) 
oo lubix -z| < d(x, y)*d(y. Z) 


5% d(x,z) S d(x, y)+dy, 2) 


A MW I^ 


lA 


& d is a metric on /. 


Worked Examples : 
Example 1 : 
Let d, and d, be two metrics on M. Define d(x, y) = (х, y)+d,(x, y). Prove that 


d is a metric on M. 
Solution : 
d(x, у) = (х, у) + d(x, y) 2 0 
d(x, y)=0 €» ф(х, y) + d(x,y) = 0 
€» d,(x, y) = 0 and а(х, y) = 0 
= х = у 
d(x, у) = 4 (х, y) + 4(х, y) 
= diy, х) + d4(y, x) 
= (у, х) 
Let х, у, z e M. Then we have 
d(x,z) < d,(x, y) + d, (у, 2) and 
d(x,z) < d,(x, у) + d.(y, 2) 
Adding, we get d(x,z) < d(x, у) + (у, 2) 


& d is a metric on M. 
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Example 2 : 


Determine whether d(x, y) defined on Е by d(x, у) = (x—y)* is a metric or not. 


Solution : 


Letx,yeR 
d(x, y) = (x-y)?20 
d(x, y) = (х-у)? = (y-x)? 
= (у, х) 


But triangle inequality does not hold. 

Take x = —5, у = —4, and 2 = 4 

Then а(х, у) = (—544)?-1 
d(y z) = (4-4) = 64 
а(х, z} = (4+5)? = 81 
а(х, z) > d(x, y)*d(y, 2) 

Hence triangle inequality does not hold. 


oo d is not a metric on В. 


Example 3 : 


If d is a metric on M, prove that „/д is a metric on M. 


Solution : 


Let x, у, 2 є M 


oo We have d(x, y) 


Alec d(x, y) = Jd(y.x) 


d(x, z) < d(x, y)+d(y, z) 


A Jd(x. z) < Jd(x,y)+d(y,z} 
< d(x, y) + Jd(y. z) (since Vat+b < Ча 4 Jb) 


Hence Jq is a metric on M. 


IV 
© 
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Example 4 : 


d(x, y) 


Let (M, d) be a metric space. Define ӣ (х, y) = 1+4(х,у)` Prove that d, is a 


metric on M. 


Solution : 


d(x,y) 


d(x, y) = тға(х,у) > (since d(x, y)20) 


d(x, y) 
d(x, y) = 0 o TED =о 


€» d(x, у) = 0 
€» х = y (Since d is a metric) 


_Ч(х,у)_ 
1+4(х,у) 


d(y,x) 
1+4(у,х) 


д (У, х) 


Also d,(x, y) = 


Letx,yzeM 
d(x,z) 
Then d(x, 2) = 1+d(x,z) 


1 
— йы — 
di(x,z) = 1+d(x,z) 


IA 


"Lies 
1 d(x, y) - d(y.z) 


d(x, y)+d(y,z) 
14 d(x, y) * d(y,z) 


d(x, y) А (у, 2) 
1+d(x,y)+d(y,z) 1+d(x,y)+d(y,z) 
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(х,у) , díy.z) 
^ 1+d(x,y) 1«d(y,z) 


= dix, у)+ (у, 2) 
di(x, y) + diy, z) 


lA 


Thus d, (x, Z) 


d d, 15 a metric on M. 


Example 5 : 


Let (M, d) be a metric space. Define d,(x, y) = min{1, d(x, y)}. Prove that d, is 
a metric on M. 


Solution : 


d(x, y) = min{1, d(x, y)) 20 


oo d(x, y > 0 
d(x, y) = 0 < тіп{1, d(x, y)) = 0 
€» d(x, y) 20 
e» х= у 


Also і (х,у) = тіп{1, d(x, y)} 
= miníl, d(y, x)) 
= (у, х) 
Let x,y,z e M 
Then d(x,z) = min{1, d(x, z} <1 
d(x, у\+а (у, 7) 
If d (x, y) = 1 ога (у, 2) = 1 the inequality is obvious. 
Let а (х, y) < 1 апаа (у, z) < 1. 
Then (х, y*d,(y 2) = min(1, d(x, y)) -min(1, d(y, z)] 
d(x, y)+d(y, z) 
d(x, z) 
min{1, d(x, z)} 
d,(x, z) 
d (x, 2) 


To prove d (x, 2) 


lA 


IV м H 


ii 


IV 


oo d, 15 a metric on M. 
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Example 6 : 
Let M be a non-empty set. 
Let d:MxM-—5R be a function such that 
(1) d(x, y) = Oiffx-^y 
(ii) d(x, y) < d(x, 2) + d(y, 2) for all x, y, 2 e M. 


Prove that d 1s a metric on M. 


Solution : 


Put y — x in (11) 


We have d(x, x) < d(x, 2) + d(x, 2) 
dt 0 < 2d(x, 2) (by (1) 
oo d(x,z) = 0 

To prove d(x,y) = (у, x) 

Putting z = x in (ii) 

we get d(x, y) € d(x, x) + dy, x) 
l.e., d(x, y) < (У, x) [using (1)] 
Since this is true for all x, y e M 

we have d(y x) s d(x, y) 

Hence d(x, y) = dy, x) 


Now (ii) can be written as d(x, y) < d(x, z)*d(z, y) which is the triangle 
inequality. 


oo d is a metric on M. 


Example 7 : 


Solution : 
n 
d(x, y) = 2. (ху) 0 
i- 
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Also d(x,y)20 © È 4(хьз) = 0 


€» d(x; y,) = 0 for all i = 1, 2,.....,n 
€» x = у, for alli = 1, 2,...., п 

€» (x, X4,...,X,) = (Vis 355591) 

€» х = у 


n 
Also d(x, y) = > di(xi- yi) 
1= 
== Ў а: (у, xi) 
1=1 
= (у, x) 
Let x, у, 2 є М 
n 
Then d(x, х) = 2 diri zi) 
{i= 


I^ 


n 
2 [aie yi) dii n] 
is 


n n 
- 2 dios yi) * 2. (уа) 
= 1— 


= d(x,y) + d(y, 2) 

ое d(x, z) < d(x, y)*d(y, z) 

Hence d 1s a metric on M. 
Example 8 : 

In a metric space (M, d) prove that |d(x, z)-d(y,z)| < d(x, y) for all x, y, z eM. 
Solution : 

Letx,y,z є М 

We have d(x,z) x d(x, y)*d(y, z) 

oo d(x,z)-d(yu z) < (ху | | | | | | | ----- (1) 


29 


Interchanging x and y in (1) we get 

d(y, z)-d(x, z) < d(y, x) = d(x, y) 
oo d(y, z;)-dx,z) s хуу | | | |  ---— (2) 
From (1) and (2) we get |d(x, z)-d(y, z)| < d(x, y) 


Exercis’ : 
l. If d is a metric on M prove that 
(1) 2d 1s a metric on M 
(ii) nd 1s a metric on M where neN. 
2. Let M denote the set of all sequences in К. 
Define d(x, y) = x — Pinal f 
i=] n!(1+|xn Ул) 
Prove that d is a metric on М. 
3. Determine whether d(x,y) = |x—2y| defined on R is a metric or not. 
4, Let (M,, dj), (M,, d,),...... (M d, ) be meric spaces. 


Let M = M,xM,~.....xM,. Let x = (X,, х,,....,х,) and y = (у, у,,....,у,) be 
elements of M. 


Define d(x, y) = max d(x., y.) 


Prove that d 1s a metric on M. 


BOUNDED SETS IN A METRIC SPACE 


Definition : 


Let (M, d) be a metric space. We say that a subset A of M is bounded if there 
exists a positive real number К such that d(x, y) < К for all x, y e A. 


Example 1 : 
Any finite subset A of a metric space (M, d) is bounded. 


Proof : 
Let А be any finite subset of M. 
If A = ф then А is obviously bounded. 
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Let А x $. Then {d(x, y)/x, y є A} is a finite set of real numbers. 
Let K = max (d(x, y)/x, уєА} 
Clearly d(x, y < К for all x,y є A 


oo А is bounded. 


Example 2 : 
[0, 1] is a bounded subset of R with usual metric since d(x, у)<1 for all x, y є [0, 1]. 


More generally any finite interval and any subset of R which is contained in a 
finite interval are bounded subsets of R. 


Example 3 : 


(0, oo) 1s an unbounded subset of R. 


Example 4 : 


If we consider R with discrete metric then (0, oo) is a bounded subset of R, sicne 
d(x, y) < 1 for all x, y e (0, oo). 


More generally any subset of a discrete matric space M is a bounded subset of 
M. 


Example 5: 
In 7, let ei О О ) 


О 
N 

|| 
^^“ 
e 
rn 
© 
© 
— 


Let А = 1e, ИКЕН aii] 
Then A 1s a bounded subset of i. 


Proof : 


J/2if nem 
Ч(е„ Cm) = О ifn=m 


oo d(e» €m) € J2 for all e» e, є А 


ob А is a bounded set in L. 
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Example 6 : 
Let (M, d) be a metric space. 
d(x, y) 
Define d, (x, y)= 1+d(x,y) 
We know that (M, d,) is also a metric space. 
Also 4 (х,у)<1 for all x, ye M 


Hence (M, d,) is a bounded metric space. 


Definition : 

Let (M, d) be a metric Space. Let ACM. Then the diameter of A, denoted by 
d(A), is defined by d(A) = L.u.b. {d(x, y)/x, ye A}. 
Note 1 : 

А non empty set A is a bounded set iff d(A) 1s finite. 


Note 2 : 
Let A, Bc M. Then A C В > d(A) < d(B) 


Example 1 : 


The diameter of any non-empty subset in a discrete metric space is 1. 


Example 2 : 


In R the diameter of any interval is equal to the length of the interval. For 
example the diameter of [0, 1] is 1. 


Example 3 : 


In any metric space, d($) = —oo 


Exercise : 


l. Let (M, d) be a bounded metric space. Define d,(x, y) = 2d(x, y). Prove that 
(M, dj) is a bounded metric space. 


2. Prove that in a metric space any subset of a bounded set is bounded. 
3. Find the diameter of the following subset of R with usual metric. 


(1) {1, 3,5, 7,93, (ii) [-3, 5] (ш) [1, 2JU[5, 6] 
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Open ball (open sphere) in a metric space 


Definition : 


Let (M, d) be a metric space. Let aeM and r be a positive real number. Then the 
open ball or the open sphere with centre a and radius r denoted by B,(a, г) 1s the 
subset of M given by B (а, г) = (xeM/d(a, x)<r}. 


When the metric d under consideration is clear we write B(a, r) instead of 
B (а, г). 


Note 1: 


B(a, г) is always nonempty since it contains at least its centre a. 


Note 2 : 

B(a, г) 15 a bounded set. 

For let x, y єВ(а, г) 

oo d(a, x) <r and d(a, y) «r 

oo d(x, y) < d(x, a)+d(a, y) < г+г = 2r 
Example 1 : 


Consider R with usual metric. 


Let aeR 


Then B(a, г) ixeR/d(a,x)«r) 


{x €R/|a—x|<r} 


{xe R/a-r<x<atr} 


(a-r, atr) 


Example 2 : 
Consider C with usual metric Let aeC. 


Then В(а, г) = (zeC/d(a,z)«r) 


{zeC / |2-а|<г} 


This is the interior of the circle with centre a and radius r. 
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Example 3 : 

In R? with usual metric B(a, r) is the interior of the circle with centre a and 
radius r. | 
Example 4: 


Let d be the discrete metric on M. 


M if r>! 
Then В(а, г) = fa} if r«l 
Proof: 
lif xy 
We have d(x, y) = 0ifx-y 


Let ae M. Let r be any positive real number. 


Case (i): 
Letr> 1. 
Then В(а, г) = {xeM/d(a, x)<r} 
Clearly every point xeM is such that d(a, x)<r. 


Hence B(a, г) = М 


Case (ii) : 
Let rx1. In this case for any point xza, d(a, x) = 12r 
Hence x¢B(a, r) so that B(a, г) = {a} 


M if r»1 
"BOSSES T LIE 2] 


Example 5 : 
Consider M = [0, 1] with usual metric d(x, y) = |x-y| 
Here B(0, %) {хє [0, 1]/ 40, x)<'4} 
хє [0, 1] / Ix|« 5) 
[0, 75) 


| 
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Example 6 : 
Consider R? with the metric d given by 
d((x,, Yi) (х2, y) = Ex x;Hlys yl 
Then B((0,0), 1) {(x, y) eR? / |x-0|-ly-0|«1] 


I 


{(x, y) eR* / |х|+|у|<13 
This is the interior of the square bounded by the four lines x+y=1, —x+y=1, 
x+y=—1 and x-y = 1. 
Exercise : 
l. In R with usual metric find (1) B(-1, 1), (1) В(%, 1) 
2. In R? with usual metric find (i) В((0, 0), 12), (ii) B((1, 1), 1) 
3. In [0, 1] with usual metric find (1) B(1, %), (11) BQO, %) 


OPEN SETS 


Definition : 


Let (M, d) be a metric space. Let A be a subset of M. Then А is said to be open 
in M if for every xeA there exists a positive real number r such that B(x, r)cA. 


Example 1 : 


In R with usual metric (0, 1) is an open set. 


Proof : 
Let xe(0, 1) 
Choose r = min{x—Q, 1—x} = min{x, 1—х} 
Clearly r>0 and B(x, г) = (x—r, х+г)с(0,1) 
со (0, 1) is open. 


Example 2: 


In R with usual metric [0, 1) is not open since no open ball with centre 0 is 
contained [0, 1). 


Example 3 : 
Consider M=[0, 2) with usual matric. Let A = [0, 1)cM. Then A is open in M. 
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Proof : 
Let xe[0, 1) 
If x = 0, then B(0, %)= [0, %)сА 
If x0 choose г = miníx, 1-х) 
г>0 and B(x, т) = (х-т, х+г)с[0, 1) 


оо А Is Open in M. 


Example 4 : 


Any open interval (a, b) is an open set in R with usual metric. 


Proof : 
Let x e(a, b) 
Let r = min(x-a, b-x) 
Then B(x, r)c(a, b) 
Hence (a, b) is an open set. 


Note : (—<%, а) and (a, oo) are open sets. 


Example 5 : 

In R with usual metric the set {0} is not an open set since any open ball wtih 
centre 0 is not contained in (01. 
Example 6 : 


In R with usual matric any finite non empty subset A of Ris not an open set. 


Proof : 

Any open ball in R is a bounded open interval which is an infinite subset of R. 
Hence it cannot be contained inthe finite subset A. Hence A is not open in R. 
Example 7 : 


Q is not open in R. 


Proof : 


Let xeQ. Then for any r>0 the interv} (x-r, x+r) contains both rational and 
irrational numbers. 
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oo (X—r, x+r) is not a subset of О. 


! 


oo Q 1s not open in R. 


Example 8 : 


Z 1s not open in R. 


Proof : 


Let xeZ. Then for any r>0, the interval (х—г, x+r) is not a subset of Z. Hence Z 
15 not open in К. 


Note : The set of irrational numbers is not open in R. 


Theorem : 


In any metric space M, (1) 6 is open, (ii) M is open. 


Proof : 
(1) Trivially ф is an open set. 
(п) Let xeM. Clearly for any r>0, B(x, r)]cM 


Hence M is an open set. 


Theorem : 


In any metric spac (M, d) each open ball is an open set. 


Proof : 
Let B(a, r) be an open ball in M. 
Let xeB(a, г) 
Then d(a, x) « r 
oo I-d(a, x)>0 
Let r, = r-d(a, x) 
We claim that B(x, r,)c B(a, г) 
Let y e B(x, г.) 
oo d(x, y) < r; = r-d(a, х) 
оо d(x, y*d(a, x) cT. | | | | |  -—- (1) 
d(a, y) < d(a, x)+d(x, y)<r (Бу (1)) 
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oo d(a, y) <r 
co y e B(a, r) 
Hence B(x, г,)<В(а, r) 


ot B(a, г) is an open set. 


Theorem : 


In any metric space the union of any family of open sets 1s open. 


Proof : 
Let (M, d) be a metric space. 
Let {Ai/ieI} be a family of open set in M. 


Let A= UM 

If A = ф then А is open 

oo Let A # ф. Let хєА 

Then x€A, for some iel 

Since A. is open there exists an open ball B(x, r) such that B(x, r)cA 
oo B(x, r)cA 


Hence A 15 open. 


Theorem 3 


In any metric space the intersection of a finite number of open sets 1s open. 


Proof : 
Let (M, d) be a metric space. 
Let A,, A,,....., A, be open sets inM. 
Let A = A,QA,A.......0A, | 
If A = ф1һеп A is open. 
oo Let A z ф. Let xeA 
oo XGA. for each i = 1, 2,....... ‚п. 
Since each А, is an open set there is a positive real number г, such that 


Dn: SA 0 0 0 0 0 aa (1) 


1 
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Let г minír, r,.....5,] 


Obviously т is a positive real number and B(x, r)cB(x, r,) for all 1=1,2,....,п. 


Hence B(x, r) c A, for all i = 1,2,.......n (by (1) 
П 

d B(x,r) c ПА 
1=1 

oo B(x, r) c A 


oo А 15 open. 


Note : 


The intersection of an infinite number of open sets ina metric space need not be 
open. For example, consider R with usual metric. 


і 1 
Let А„ = Cni 


Then A, is open in R for all n. 
oc 
But пра ={0} which is not open in К. 
п= 


Worked Examples : 
Example 1 : 
Let (M, d) be a metric space. Let xeM show that {х}° is open 


Solution : 
Let ye {x}°. Then yzx: 
oo d(x, yy=r>0 


1 
С1еапу (y. | c {х} 


do {x}° is open. 


Example 2 : 


Let (M, d) be a metric space show that every subset of M is open iff {x} is open 
for all xeM. 
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Solution : 


Suppose every subset of M is open. Then obviously {x} is open for all xeM. 
Conversely let {x} be open for all xeM. 


Let A be any subset of M. 
If A = $ then A is open. 


— Ux 
Let A + 6. Then A = Ut j 


By hypothesis (x) is open. 


Hence A is open. 


Example 3 : 

Prove that any open subset of R can be expressed as the union of a countable 
number of mutually disjoint open intervals. | 
Solution : 


Let A be an open subset of R. Let xeA. Then there exists a positive real number 
г such that B(x, г) = (x-r, x+r)cA. Thus there exists an open interval I such that xe] 
and ICA. 


Let I, denote the largest open interval such that x eI and I cA. 


UI uA 
Clearly xc" 
Letx,y€A | 
We claim that I, — I, or Lal, = ф 
Suppose I, ^^ I + ф. 


Then I, U І is an open interval contained in A. But I, is the largest open 
interval such that x є Іх and I, c A. 


oo L J I, == I, so that L, am 1, 

Similarly I. < L 

oo I, —I. Thus the intervals І, are mutually disjoint. 
We claim that the set F = {I,/xeA} is countable. 


For each LeF choose a rational number rel. 


40 


Since the intervals Ix are mutually disjoint I, z Ју > r, + ry 
do f:F->Q defined by f(L) = r, is 1-1 
со Е 1s equivalent to a subset of О which is countable. 


oo F 1s countable. 


EQUIVALENT METRICS 
Definition : 


Let d and p be the two metrics on M. Then the metrics d and p are said to be 
equivalent if the open sets of (M, p) are the open sets of (M, d) and conversely. 


Example : 


Let (M, d) be a metric space. Define p(x, y) = 2d(x, y). Then d and p are 
equivalent metrics. 


Solution : 


We know that p is a metric on M. We first prove that В (а, г) = B (8, 2r). 
Let xe B,(a, г) 


oo d(a,x) < r 
oo 2d(a,x) « 2r 
oo p(a, X) « 2r 


Hence хєВ 2(8, 2r) 


o 


oo В (а, т) c В (а, гу (1) 


Let x € 2 2(8, 2т) 


oo p(a, X) « 2r 
А i = 

оо 2 р(а, X) I 

oo d(a, X) < T. 


Hence x € B (a, г) 


IN 


d B RC 2r) Baty wenn (2) 
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oo By (1) and (2) we get B,(a,r)=Bp(a,2r) — | ceseemn (3) 
Let G be any open subset in (M, d). 

Let aeG. Hence there exists r>0 such that В (а, r)cG 

oo В (a, 2r) c G (using (3)) 

oo G is open in (M, p) 

Conversely suppose G is open in (M, p) 


Let aeG. Hence there exists r>0 such that B ofa; r)cG 
Hence Ba( 2.3" | c G. (using (3)) 


Hence G 1s open in (M, d) 


oo d and p are equivalent metrics. 


Example : 


d(x,y) 


Let (M, d) be a metric space. Define р(х, y) = үү d(x, 


x, у): Prove that d and р are 


equivalent metrics on M. 
Solution : 


r 
We know that p is a metric on M. We first prove B (а, т) = ваа.) provided 
0<г<1. 


Let xeB (8, г). Hence p(a, x)<r. 


(а, х) 
Е 1 *- d(a, x) Ый. 
оо d(a,x) < r[ 1+d(a, x)] 
oo d(a, x) 1-rT] < r 
oo d(a, x) < p (since 0<г<1) 
r 
о В , —— 
оо X € afa =) 
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Т 
ë Baa ee 
оо В (а, г) C "E =) (1) 


r r 
Let X € ваа.) Hence d(a,x) < ree 


1—г — 
oo d(a, x)(l-r) < r 
oo (а, x) < r[l+d(a, x)] 
d(a,x) 
= 1+d(a, x} ES 
oo p(a, х) < т 
oo X € B (а, r) 
r 
oo ваа.) с В „са, De О SSE (2) 
r 
оъ By (1) and (2) we get ваа) = В (а, У _ 2  __–—ЯӘ (3) 


Let С be open in (M, p) 
Let aeG. Hence there exists r>0 such that B 2(8, NEG. 


Without loss of generality we may assume that r<1. 
r 
oo ва) с G (бу. (3)) 


o> С is open in (M, d) 
Conversely let G be open in (M, d) 


oo There exists r>0 such that В (а, r)&G 


r 
oo в) C G (using (3)) 


oo G is open in (M, p) 


Hence d and p are equivalent metrics. 
Example : 
, | 1 
If d and p are metrics onM and if there exists К>1 such that x PO у) < 
d(x, у)<Кр(х,у) for all x,yeM. Prove that d and р are equivalent metrics. 
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Solution : 
Suppose there exists К>] such that for all x, yeM. 


1 
РО Y) S (х, у) < Кр(х,у) 


Let С be an open set іп (М, d). 
Let aeG. Hence there exists r>0 such that В (а, r)cG 


r 
We now claim that By a. Jec 


Let X € Bo а=] 

r 
оо р(а, х) < т 
oo Kp(a, x) < r 
oo d(a, х) < г (using (1)) 
oo хєВ (а, г) c G (by (2)) 
oo X є С. 
Непсе в, а=] с С 

K 


oo G 1s open in (M, p) 
Conversely let G be open in (M, p). Let aeG. 


There exists r>0 such that B 2(8, г)= Сб 


| ro 
We claim Bal a= | € G 


K 
r 
Let X € Bal a= | 
d е o 
(а, х) K 
Kd(a,x) « r 
р(а, x) < r (using (1)) 
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x є Ва, rcG (by (3)) 
x є С. 


Hence ва) с G 


Hence G is open in (M, d) 


c» d and p are equivalent metrics. 


Exercise : 


l. 


Determine which of the following subsets of R are open in R with usual metric. 


1 1 u 
O 0,208.4) Gi) e (iii) Со, а) 


(iv) (7e, a] (v) (a, oo) 

Determine which of the following subsets of C are open in C with usual metric. 
(1) {2/1 <|z| s 2j (п) (z/|z| < 1j 

(iii) {х+ту/х>0} (iv) {x+iy/y>0} 


Prove that any subset of R with usual metric is not an open set 1n R? with usual 
metric. 


Prove that the complement of any finite subset of a metric space M 1s open. 


SUBSPACE 


Definition : 


also a 
(M, d). 


Note : 


Let (M, d) be a metric space. Let M, be a non-empty subset of M. Then M, is 
metric space with the same metric d. We say that (M,, d) is a subspace of 


If M, is a subspace of M a set which is open in M, need not be open in M. 


For example, if M=R with usual metric and M,=[0,1] then [0, %) is open in M, 


but not open in M. 


Theorem : 


Let M be a metric space and M, a subspace of M. Let A SM. Then A, is 


openin M, iff there exists an open set A in M such tht A, = AOM}. 
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Proof : 


Let M, be a subspace of M. 
with centre a, radius r. 


Then В (а, г) = 
Also B(a, r) = 
Hence B,(a,r) = 


Let A, be an open set in M,. 


А, = 


| 


Let acM,. We denote B,(a, r) the open ball in M, 


{xeM,/d(a, x)<r} 
{xe M/d(a, x)<r} 
B(a, г)г\М, 


к В|(х, r(x)) 


‚Ое улма] уа) 


| U ae) M] 


X€A] 


AOM, where A= U  B(x,r(x)) which is open in M. 


X€AÀ, 


Conversely let A, = Ас\М, where А is open in M. 


We claim that A, 1s open in M,. 


Let X€A,. 


oo ХЄА and xeM,. 


Since A is open in M there exists a positive real number г such that B(x, r)cA. 


oo M, B(x, r) C 
1.€., B,(x,r) c 


oo A, is open in М. 


Example : 


1 
Let M = R and M, = [0, 1]. Let A, = 0.2) Now A, = 0 


| 1j]. | 
and | > 5) is open in R. 


` s 
оо [ is open 1п [0, 1]. 


M OA 
А, (using (1)) 
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INTERIOR OF A SET 


Definition : 


Let (M, d) be a metric space. Let AGM. Let xeA. Then x is said to be an 


interior point of A if there exists a positive real number г such that B(x, r)C A. 


Int А. 


The set of all interior points of A is called the interior of A and it is denoted by 


Note : Int ACA. 


Example : 


Consider R with usual metric. 


(a) Let A=[0, 1]. Clearly 0 and 1 are not interior points of A and any point xe(0, 1) 
Is an interior point of A. Hence Int A = (0, 1) 

(b) Let А be a finite subset of В. Then Int A = 9. 

lheorem : 
Let (M, d) be a metric space. Let A, BEM. 

(1) А is open iff A= Int A 
In particular Int ф = 6 and Int M = M 

(1) Int A = union of all open sets contained in A. 

(ni) Int A is an open subset of A and if B is any other open set contained in A then 
BCInt А. 1.е., Int A is the largest open set contained in A. 

Gv) ASB > Int A c Int B. 

(v) Int (ANB) = Int A A Int B 

(у) Int(AUB) 2 Int Au Int B 

Proof : 

(1) Follows from the definition of open set. 

(i) Let G = o (B/B is an open subset of A} 


To prove that Int A = С 
Let x e Int A 
oo There exists a positive real number г such that B(x, D&A 
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Thus В(х, г) is an open set contained in A. 

oo B(x, r)&G 

oo XEG 

oo Int ASG a (1) 
Let xeG 

Then there exists an open set B such that xeB and BCA 


since B is open and хєВ there exists a positive real number such that 


B(x, nS BGA 


(iii) 


(iv) 


(v) 


oo X 15 an interior point of A 

Hence G S Int A. | |. | |  —» -—-- (2) 
From (1) and (2), we get С = Int A. 

Since union of any collection of open sets is open (ii) — Int А is an open set. 
Trivially Int ACA 

Let B be any open set contained in A. 

Then B&G = Int A (by (2)) 

oo Int A 1s the largest open set contained in A. 

Let x e Int A 

oo There exists a real number r>0 such that B(x, r)cA 

But ACB. Hence B(x, r)CB 

oo X € Int B. Hence Int A € Int B 

Аг\в=А 

oo Int(ANB) = Int A (by (1v)) 

Similarly Int (AOB) € Int B 

colnt(ANB)GIntAnIntB -—-—- (1) 
Int A С A; It BC B 

Hence Int A A Int B c ANB 

Thus Int A r^ Int B is an open set contained in AQB. But (АФВ) is the 


largest open set contained in ANB. 


colntANIntB&nt(ANB) 2 2 2 22 2 aaa (2) 
From (1) and (2) we get Int (ANB) = Int A A Int B. 
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(vi)  ACAUB 
со Int A € Int(AUB) (by (1v)) 
similarly Int B € Int (AUB) 
oo Int A U Int B € Int (AUB) 
Note : 


Int (ANB) need not be equal to Int A v Int B. For example, in R with usual 
metric consider. 


A = (0, 2] and B = (2, 3) 

Then AUB = (0, B). Clearly Int (AUB) = (0, 3) 
But Int A U Int B = (0, 2)UQ, 3) = (0, 3)- (2) 
oo Int (AUB) = Int A v Int B 


CLOSED SETS 
Definition : 


Let (M, d) be a metric space. Let AcM. Then A is said to be closed in M if the 
complement of A is open in M. | 


Example 1 : 


In К with usual metric any closed interval [a, b] is closed set. 


Proof : 
[a, b]* = R-[a, b] = (—®, a)U(b, oo) 
Also (—oo, a) and (b, oo) are open in К. 
i.e., [a, b]© is open in В. 


o0 [a, b] is closed in R. 


Example 2 : 


In R with usual metric [a, b) 1s neither closed nor open. 


Proof: 
[a, b) 1s not open in R since a 1s not an interior point of [a, b). 
[а, b)© = R-[a, b) = (~œ, a)u[b, o) and this set is not open since b is not an 


interior point. 
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oo [a, b) is not closed in R. 


Hence [a, b) 1s neither open nor closed in R. 


Example 3 : 


Z 1s closed. 


Proof : 
qe = U (n, n+ 1) 
n=—o 
The open interval (n, n+1) is open and union of open sets is open. 


Z^ is open. Hence Z is closed. 


Example 4: 


Q 1s not closed in R. 


Proof : 


ОС = the set of irrationals which is not open in В. 


oo Q 15 not closed in К. 


Example 5 : 


In R with usual metric every singleton set is closed. 


Proof : 
Let aeR 
Then {a}© = R- (a) = (оо, a) U (a, оо) 
Since (—co, a) and (a, oo) are both open sets, (—со, а)‹ (а, o») is open. 


съ (al is open in R. Hence {а} is closed in В. 


Definition : 


Let (M, d) be a metric space. Let aeM. Let r be any positive real number. Then 
the closed ball or the closed sphere with centre a and radius denoted by Bla, r] is 


defined by В а, т] = (xeMjd(a, х)<г}. 


When the metric d under consideration is clear we write B[a, r] instead of 
B [a,r]. 
d ы 
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Example 1 : 


In R with usual metric Bla, r]=[a—r. a+r] 


Example 2: 
In R? with usual metric let. 
а = (a,, a) eR? 


Then B[a, r] 


{(x, y) eR? | d((a,,a,), (x, у))<г} 


(iy) eR? | (х-а,)?+(у-а„)?<т?} 


Hence B[a, r] is the set of all points which lie within and on the circumference 
of the circle with centre a and radius r. 


Theorem : 


In any metric space every closed ball 15 a closed set. 


Proof : 
Let (M, d) be a metric space. 
Let B[a, r] be a closed ball in M. 
Case (i) : 
Suppose B[a, r]€ = 9. 
c» B[a, r]€ is open and hence В[а, г] is closed. 


Case (ii) : 


Suppose В[а,г]С = 6 

Let x є B[a,r]* 
до x € B[a,r] 
oo d(a,x) > г 

до d(a, x)r > 0 

Let г = (а, x)-r 
We claim that B(x,r,) с Bfa, r]© 
Let y € В(х, г,) 
Then d(x, y)<r, = Фа, x)—r 


oo d(a, x) > {хут | Doeane (1) 
d(a, x) < Фа, y)*d(y, x) 


co d(a,y) > (а, x)-d(y, x) 
> d(x, y)r-d(y x) (by (1) 
= T 

Thus d(a, y) > г 

oo y € Bla,r] 

Hence y є B[a,r]" 

d B(x,r) с Bfa, r]* 


о В[а, r]© is open in M 


oo Bla, т] is closed in M. 


Theorem : 


In any metric space M, (i) $ is closed. (ii) M is closed. 


Proof : 


Since МС = @ is open, M is closed. Similarly 4€ = M is open and hence is 6 
closed. 


Note : In any metric space M, ф and M are both open and closed. 


Theorem : 


In any metric space arbitrary intersection of closed sets is closed. 


Proof : 


Let (M, d) be a metric space. 


Let (Aic) be a collection of closed sets. 


We claim that а | is closed. 


C 
We have | nai] = UA;C (by De Morgan's law) 
iel jel 


Since A, is closed А.С is open. 


ПА; 


Hence . 1s open. 
iel p 
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C 
% | "Jj is open. 
iel 


E ПА; . 
дө т 1 15 closed. 


Theorem : 


In any metric space the union of a finite number of closed sets 1s closed. 


Proof : 
Let (M, d) be a metric space. 
Let A,, A,,...., A, be closed sets in M. 
By De-Morgan's law (A UAU... JA E = A, NA, n...... AC 
Since each A, is closed A,“ is open 
Hence A, "^A, "n......'A € is open 
do (AU ASUAAU.......... VA, )€ is open. 
Hence A,UA,U........ UA, is closed. 
Note : The union of an infinite collection of closed sets need not be closed. 


For example, consider R with usual metric. 


Let 


> 
I 


1 
+, 1 where n = 1, 2, 3........ 


BA = бта] ыыр. 


oc 
Then UAn 


(0, 1] which is not closed in R. 


OC 
oo S is not closed 


Theorem : 


Let M be a metric space and M, be a subspace of M. Let F,CM,. Then Е, is 
closed in M, iff there exists a set F which is closed in M such that F, = FOM, 
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Proof : 
. Let F, be closed in M,. 


oo M—F, is open in M,- 


20 M,-F, = AOM, where A is open in M. 
F = M,-(AOM,) 
= MA = АМ, 


Also since A is open in M, АС is closed in M. 
oo F, = FOM, where Е = АС is closed in M. 
Conversely, there exists a set Е which is closed in M such that Е, = FOM, 
To prove That F, 1s closed in M,. 
Е, = FOM, where F is closed in M 


Let Е = AC 

co Е = FoM, 
= АСАМ, 
= МАС 


= М,-А = М, (АМ) 
Since АС is closed in М, А is open ір M. 
So, F, = M,-(A^M,) = M,-F, = AQM, which is open in M). 
M-F, is open in M, => Е, is closed in M,. 
Exercise : 
l. Prove that any finite subset of a metric space is closed. 


2. Let M, be a subspace of a metric space M. Prove that every closed set A, of M, 
is closed in M iff M, itself is closed in M. 


3. Let M, be a subspace of a metric space M. Prove that every closed set A, of M, 
is closed in M iff M, itself is closed in M. 


Closure : 


Let (M, d) be a metric space. Let AcM. Consider the collection of all closed 
sets which contain A. This collection is non empty since at least M is a member of this 
collection. 
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Definition : 


Let A be a subset of metric space (M, d). The closure of A denoted by А is 
defined to be the intersection of all closed sets which contain A. Thus A = U{B/B is 
closed in M and AcB}. 


Note : Since intersection of any collection of closed sets is closed A is a closed set. 


Further ADA. Also if B is any clsoed set containing A then ACB. Thus A is the 
smallest closed set containing A. 


Theorem : 


A is closed iff A= A 


Proof : 
Suppose A= A 


Since A is closed A is closed. Conversely, suppose A is closed. Then the 
smallest closed set contains A is A itself. 


о А = А 
Note : 
In particular (i) ф =ф (п) М-М (ii)A-A 


Theorem : 


Let (M, d) be a metric space. Let A, Bc М 


Then (1) AcB => AcB 

(ii) АОВ = АОВ 

(iii) ANB = ANB 
Proof : 


(1) Let Ac B 


is a closed set containing A. 


СИ 
5 
>| 


is the smallest closed set containing A. 
oo A C B 
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(1) | We have A c AUB 
4 Ac AUB (у (1)) 
Similarly B c AUB 
% AUB c AUB MEE (1) 
А is a closed set containing А and B is a closed set containing B. 
c» AUB is a closed set containing AUB 
But AUB is the smallest closed set containing AUB 
æ AUBCAUB | | . » »;, 27477777 (2) 
From (1) and (2) we get AUB = AUB 
(3) We have AGB с A 
AUBcA (у (i) 
. Similarly, ANB c B 





Note : 
ANB need not be equal to ANB. 
For example in R with usual matric, take А=(0, 1) and В=(1, 2) 
Then AAB = $ 





оо АПВ = 
But AUB = [0, 116111, 2] = {1} 


& АПВ z ANB 


©- 
e 


LIMIT POINT 


Definition : 


Let (M, d) be a metric space. Let ACM. Let xeM. Then x is called a limit point 
or a cluster point or an accumulation point of A if every open ball with centre x 
contains at least one point of А differetn from x. 


i.e., B(x, ri XA- (x1) = $ for all r > 0. 
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The set of all limit points of A is called the derived set of A and is denoted by 
D(A). 


Note : x is not a limit point of A iff there exists an open ball B(x, r) such that 
B(x, гт)с\(А—{х})=ф. 
Example 1 : 

Consider R with usual metric. 

Let A = [0, 1) 


Any open ball with centre 0 is of the form (—r, r) which contains a point of 
(0, 1) other than 0. 


Hence 0 1s a limit point of [0,1 ) 


Similarly 1 is a limit point of [0, 1) 


1 1 3 5 
2 is not a limit point of A, since (2-5.247 Jato, 1) = B > te. 1) 26 


In this case all points of [0, 1] are limit points of [0, 1) and no other point is a 
limit point. Hence D[O, 1) = [0, 1] 
Example 2 : 

Z has no limit point. 

Let x be any real number. 

If x is an integer, then B(x) = [x-3. 22] does not contain any integer 
other than x. Hence x is not a limit point of Z. 

If x is not an integer, let n be the integer which is closert to x. 

Cho~ce г such that O«r«|x-n| 

Then B(x, г) = (x—r, х+г) contains no integer. 

Hence x is not a limit point of Z. 

Since x is arbitrary Z has no limit point. 


oo D(Z) == ф. 
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Example 3 : 
Let (M, d) be a discrete metric space. Let ACM. Let xeM 


Then B{x.2 (^ —{x}) = (А-0) = 6 


oo X 15 not a limit point of A 
Since xeM is arbitrary A has no limit point. 
oo D(A) X ф 


Thus any subset of a discrete metric space has no limit point. 


Theorem : 
Let (M, d) be a metric space. Let ACM. Then x is a limit point of A iff each 


open ball with centre x contains an infinite number of points of A. 
Proof : 
Let x be a limit piont of A. 
Suppose an open ball B(x, r) contains only a finite number of points of A. 
Let B(x, r)O(A-{x}) = 1x, x;,......x, 
Let r, = min{d(x, x,)/i = 1, 2,...... nj 
Since x # X, d(x, x,)>0 for all i = 1, 2,....,n and hence r, > 0 
Also B(x, r,)XA-1x]) = 9 
oo X 15 not a limit point of A which is a contradiction. 
Hence every open ball with centre x contains infinite number of points of A. 


The converse is obvious. 


Corollary : 


Any finite subset of a metric space has no limit point. 


Proof: 
Let A be a finite subset of M. 


Suppose A has limit point say x. Then B(x, r) contains infinite number of points 
of A. This is a contradiction since A is finite. 
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Theorem : 


Let M be a metric space and AcM. Then А = AUD(A) 


Proof : 
Let xe AUD(A). We shall prove that xc A 
Suppose x¢A 
c» X«M-A and since A is closed M-A is open. 
с There exists an open ball B(x, r)CM-A 
& B(x, NAA =o 
c» B(x,r ).'^A- 6 (since ACA) 
oo X€AUD(A) which is a contradiction 
% хЄА 
& AUD(AJCAÀ шый (1) 
Now let хє А. To prove xe AUD(A) 
If хєА, Clearly xe AUD(A) 
Suppose xe А. We claim that xeD(A) 
Suppose x¢D(A). Then there exists an open ball B(x, r) such that B(x, r)'^A-6. 
oo B(x, r)U2A and B(x, r)€ is closed. 
But À is the smallest closed set containing A. 
А c B(x, т) 
But xe A and x £B(x, r)€ which is a countradiction 
Hence xeD(A) 
oo XC AUD(A) 
SACAUD(A) 2 2 202 (2) 


From (1) and (2) we get A = AUD(A) 


Corollary 1 : 


А 15 closed iff A contains all its limit points. 
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Corollary 2 : 


хє А < B(x, AA = 6 for all r0. 


DENSE SETS 


Definition : 


1) 


2) 


A subset А of a metric space M is said to be dense in M or everywhere dense 
if A — M. 

A metric space M is said to be separable if there exists a countable dense subset 
in M. 


Example 1 : 


Let M be a metric space. Trivially, M is dense in M. 


Hence any countable metric space is separable. 


Example 2 : 


Let M be a discrete metric space. 
Let ACM and AzM 

Since A is closed, A =A 

A 1s not dense. 


Hence any uncountable discrete metric space is not separable. 


Theorem : 


Let M be a metric space and ACM. Then the following are equivalent. 


(1) А 1s dense in M 

(1) Тһе only closed set which contains А 15 M 
(iii) The only open set disjoint from A is ф 

(iv) А intersects every non-empty open set 

(v) A intersects every open ball 

Proof : 


(1) => (1) 
Suppose А is dense in M 
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ThenA-M | 2 2 2 2 p «ve (1) 
Let FoM be any closed set containing A. 

Since A is the smallest closed set containing A, we have ACF 

Hence McF (by (1)) 

oo М = Е 

& The only closed set which contain А is M. 

(ii) => (iii) | 

Suppose (111) 1s not true 

Then there exists a non empty open set B such that BNA = 6 

со, ВС is a closed set and BEDA 

Further, since Bz$ó we have B©#M which is a contradiction to (п) 

Hence (11) => (111) 

Obviously (iii) — (1v) 

(iv) = (v), since every open ball is an open set. 

(v) > () | 

Let xeM. Suppose every open ball B(x, r) intersects А. 

Then by corolary (2) хєА. 

© McA 

But trivially AGM 

% А = М 
© А is dense in M. 


Exercise : . 


I Prove that any finite subset of a metric space 15 closed. 

2. Prove that the set of all limit points of a subset of a metric space is closed. 

3. If С is an open set and Сс\А=ф prove that GNA = ф 

4. Prove that in a metric space M, the only set which is both closed and dense 15 


M. 
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REAL ANALYSIS UNIT - 2 


COMPLETE METRIC SPACE 


COMPLETENESS 


Definition : 


in M. Let хєМ. We say that (x ) converges to x if given є>0 there exists a positive 
integer n, such that d(x,, x)<e for all n2n,. Also x is called a limit of (x,). If (x) 


converges tu x we write Lt xy —x or (x )x. 
noc 


Note 1 : (x,)-»x iff for each open ball B(x, є) with centre x there exists a positive 
integer n, such that x, €B(x, €) for all n2n,. Thus the open ball B(x, є) contains all but 


a finite number of terms of the sequence. 


Note 2 : (х )-эх iff the sequence of real numbers (d (х, x))—0. 


Theorem 1 : 


For a convergent sequences (x,) the limit is unique. 


Proof : 


Suppose (x, )—x and (x, )—»y. 
| | nm 1 
Let є>0 be' given. Then there exist positive integers n, and n, such that d(x , X)—, € 


1 
for all nzn, and d(x,, NM € for all n2n,. Let m be a positive integer such that mèn., 


n,. 
Then d(x, y) < d(x, x Jt d(x,, y) 
"TR 
2 2 
о | d(x, y) < є 


Since є>0 is arbitrary, d(x, у) = 0 


оо Х = у 
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Theorem 2: 


(1) 


(11) 


Let M be a metric space and AcM. Then (i) xe A iff there exists a sequence 
(х) in A such that (x )x. 


x is a limit point of A iff there exists a sequence (x,) of distinct points їп A 
such that (x, )x. 


Proof : 


Let xeA | 
Then xeAUD(A) 
oo XEA or xeD(A) 


If хєА, then the constant sequence x, x, ..... , is a sequence in A converging to x. 


1 
If xeD(A) then the open ball 31) contains infinite number of points of A. 


oo (х) is a sequence of distinct points in A. 
1 
Also d(x,, x) « а for all n. 


o Lt d(x,,x) = () 


oo 
п- ОС 
oo (х) — X 


Conversely, suppose there exists a sequence (x,) in A such that (x )x. Then 


for any r>0 there exists a positive integer n, such that d(x,, x)<r for all nzn,. 


cox eB(x,r)foralln2n] — о | | | | | | ----- (1) 
oo B(x, г) Аф 

&»xeA 

Further if (x ) is a sequence of distinct points B(x,r)'A is infinite. 

oo XED(A) | 


o» x is a limit point of A. 
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Definition : 


Let (M, d) be metric space. Let (x,) be a sequence of points inM. (х) is said to 
be a cauchy sequence in M if given є>0 there exists a positive integer n, such that 
а(х x,)<e for al! m, n2n,. 


Theorem 3: 


Let (M, d) be a metric space. Then any convergent sequence in M is a Cauchy 
sequence. 


Proof : 
Let (x,) be a convergent sequence in M converging to xeM. 


Let є>0 be given. 
1 
Then there exists a positive integer n, such that d(x,, х)<7 є for all nzn,. 
со d(xn, xm) < d(x,, x)*d(x, x,) 
1 1 
< hu a for all n, m 2 n, 


= є ога m, п> ng 
Thus d(x,,x,) < foralim,n2n, 


oo (x ) is a Cauchy sequence. 


Note : 
The converse of the above theorem is not true. 


For example, consider the metric space (0, 1] with usual metric. 


1 
9 is a Cauchy sequence in (0, 1]. But this sequence does not converge to any 


point in (0, 1]. 


Definition : 


А metric space M is said to be complete if every Cauchy sequence in M 
converges to a point in M. 


Example 1 : 


R with usual metric is complete. 
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Example 2 : 


aC with usual metric is complete. 


Proof : 
Let (Z,) be a Cauchy sequence in C. 
Let Za =x, ну Where xp у € R 
We claim that (x,) and (y,) are Cauchy sequences in R. 
Let €>0 be given. 


Since (Z) is a Cauchy sequence, there exists a positive integer n, such that 
IZ,-Z,,\<€ for all n, m 2 п. 


Now |x Xml < |Z,-Z,| and |y -ynl < [Z -Zal 

Hence |х х |«e for all n, m > n, and 

ly, Ymi <E for all n, mz п, 

oo (х) and (y,) are Cauchy sequences in R. 

Since К is complete, there exist x, y є К such that (х )x and (y,)y 
Let Z = хну. We claim that (Z )Z 

We have | Z —Zl (x tiy )-(x-Hy)l 

I(x, -x)+i(y,—y)| 

Oe n) ie fi (1) 


lA 


Let є>0 be given. 


Since (x, )x and (у )-»у there exist positive integers n, and n, such that 
1 
Ix -x| < 5€ for all n2n, and 
1 
ly -y| < 5€ for all n2n, 
Let n, = maxín,nj 


1 1 
From (1) we get |Z,-Z| < > e" € — e for all n2n, 


оо (Z a) > Z 


до C is complete 
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Example 3 : 


Any discrete metric space is complete. 


Proof : 


Let (M, d) be a discrete metric space. Let (x. ) be a Cauchy sequence in M. Then 
| TT 1 
there exists a positive integer n, such that d(x,, Xa for all n,mzn, 


Since d 1s the discrete metric distance between any two points is either O or 1. 
oo d(x,, Xm) = О for all n, m2n, 

d Xa =X, = x(say) for all n>n, 

oo d(x,, x) = 0 for all n2n, 

oo (x )x. 


Hence M 15 complete. 


Example 4 : 


ж 


К" with usual metric is complete. 


Proof : 
Let (x) be a Cauchy sequence in К". 


Let к P D NM элн X, ) Let є>0 be given. 
n 


ру? 
Then there exists a positive integer n, such that d(x, X а)<є for all р, q 2 no 


" 1/2 
% | È (Xp, -xqx ) «€ for all p, q 2 n, 
n 2 2 
до > (хр -xak <E forall p, q 2 no 
oo For each k = 1,2,......,n we have IX, -X, [<e for all p, q >п, 
к Чк 
oo (x, ) is a Cauchy sequence in R for each k = 1,2,.....,n. 
k | 


Since К is complete, there exists y, eR such that (x, )—y.- 
k 


Let y = (у, у,,.....,у,). We claim that (х) эу. 


6б 


Since (x, )-y,, there exists a positive integer m, such that 
k 


€ 
Ix, У « Ja for all p2m,. 
Let my = max im, m.,....... m, 
| 1/2 
n 
Then (х, у) = | 2, UM -yk) | 


2 1/2 
€ 
< cea | for all p = m, 


= eforallp2m, 
Thus d(x» y) < є forall p 2 mọ 


oo (x ) y. Hence R? is complete. 


Example 5 : 


l, is complete. 


Proof : 
Let (x,) be a cauchy sequence in /,. 


Let X, = (хр. 


Let є>0 be given. Then there exists a positive integer n, such that d(x,, x.)«e 
for all p, q 2 n,. 


1/2 
oc 
1.е., | > (xp, žan) | ` <E for all p, q 2 ny 
n= 


2 

OC 

oo È (хр, -Xq,) «e for all р. а > щы (1) 
For each n = 1,2,3,....... We have 

х, -Xa |<є for all p, q 2 np. 


oo (х, ) is а Cauchy sequence іп В for each n. Since R is complete, there exists 
n 
y, ER such that (Xy ) Ys -------- (2) 


Let y (УУУ ) 
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We claim that ye/, and (x,) y 


For any fixed positive integer m, we have 


2 
mn 
5 (х-ы) < €?forallp,q2ny (using (1)) 


Fixing q and allowing p—»oo in this finite sum we get 


m 2 | 
> (Yn ~Xq_} < e?forallqzn, (using (2)) 
n= 


Since this is true for every positive integer m 


lA 


ос 2 
È (Yn = Xan) є? ога һа>2 п  --------- (3) 


1/2 | „11/2 
Now | Уу E = | > ly —Xq +X | | 
n = п 
n=l n-1 Чп Чп 
2 1/2 2 1/2 
< [Ee f] [ы 
n=1 n-1 


(by Minkowski's inequailty) 


z 2 1/2 
a. | for all qzn, (by (3)) 


ІА 

(i) 

re 
[US 

M 


» 51/2 
oo SINCE X a= 1, we have | converges. 


oo y = l; 
Also (3) gives d(y, x » < є for all q2n, 
oo (x) >y 


со /, 15 complete. 


Note : 
A subspace of a complete metric space need not be complete. 
For example R with usual metric is complete. 


But the subspace (0,1] 1s not complete. 
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Theorem 4 : 


A subset A of a complete metric space M is complete iff A is closed. 


Suppose А is complete. 

To prove that A is closed, we shall prove that A contains all its limit points. 
Let x be a limit point of A. 

Then there exists a sequence (x,) іп A such that (x,)—>x (by theorem (2)) 
Since A is complete, xeA 


d» A contains all its limit points. 


Hence А is closed. 


Conversely, let A be a closed subset of M. Let (x,) be a Cauchy sequence in A. 
Then (x,) is a Cauchy sequence in M also and since M is complete there exists xeM 
such that (x, )—x. Thus (x,) is a sequence in А converging to x. 


do хє А (by theorem (2)) 

Since A is closed A = А 

oo XEA 

Thus every Cauchy sequence (x,) in A 
converges to a point in A. 


do A is complete. 


Note 1: 


[0, 1] with usual metric is complete since it is a closed subset of the complete 


metric space R. 


Note 2 : 


Consider Q. 


Since О = В, О is not a closed subset of К. Hence О is not complete. 


Problem : 


Let A, B be subsets of R. Prove that AxB = AxB 
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Solution : 


Let (x, у) є Ax B 


c» There exists a sequence ((x,, y,))€A*B such that ((x,,. y,)) (x, y) (by 
theorem (2)) 


с (x,)x and (y,)—y 
Also (x,) is a sequence in A and (y,) is a sequence in B. 
c» xeA and ye B (by theorem (2)) 


oo (x, y) Є А х В 





o AxXBCAxB  »—.—» Daea (1) 
Now let (x, y) e AxB 
$ хєА and ує В 


oo There exists а sequence (x,) іп А and a sequence (у) in B such that (х ) эх 
and (y,)y 


co ((x,, y,)) is a sequence in AxB which converges to (x, y) 
оо (х, Уу)ЄА хВ 
oo AxBcAxB DUO (2) 





c» By (1) and (2) we get AxB- AxB. 


Exercise : 
l. Prove that /p is a complete metric space for any p21. 


2. Determine which of the following subsets of R are complete. 
1 1 
G) (a,b), ^ (Gi) (a b] (ii) Cr A J (iv) (0, 1]U[2, 3] 
3. Prove that К" with д (х,у) = тах{ |х; — yi|/i = 1,2,....n) is complete. 


CANTOR'S INTERSECTION THEOREM 
Theorem 5: 


Let M be a metric space. M is complete iff for every sequence (Е) of non- 
empty closed subsets of M such that 
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Pob xi», fco CEN and (d(F ))—0 
oc 
N Fn is non empty. 

її= 


Proof : 


Let M be a complete metric space. Let (Е) be a sequence of closed subsets of 
M such that 


and (d(F,))—»0 | ---—----(2) 


oC 
We claim that i + ф 
n= 


For each positive integer n, choose a point x, €F,. 
By (1), х, x,,,, Куннен: all lie in EB. 


1.е., X, €F, for all m2n --------3) 


Since (d(F,))—0, given є>0, there exists a positive integer n,, such . 
d(F,)«« for all n2n,. 

In particular d(Fn) < є --------(4) 

do d(x,y) < e for all x, y e E. | 

х € Eig for all mzn, (by (3)) 


oo m,n2 по D X. X, € Fh, 

> d(x,.x)«e (by (4) 
до (X) is a Cauchy sequence in M. 
Since M is complete there exists a point x€M such that (x,)—x 


We claim that x є ПЕ, 
n=] 


Now for any positive integer n, x,, Жолан is a sequence їп F, and this 
sequence converges to x. | 


— 


oo XEF, (by theorem (2)) 
But Б, is closed and hence Ё = Е 


n 


oo X eF, 
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oc 
до X € OF, 
n=] 


oc 
Hence [Fn # Ф . 
n-1 


To prove the converse let, (x,) be any Cauchy sequence in M. 


Let Ро ОТТ н } 
F, ООо anm } 
М p b СААР ТЕЕ } 


d» (Fn) is a decreasing sequence of closed sets. Since (х) is a Cauchy sequence 
given є>0 there exists a positive integer п, such that d(x,, x,,)<e for all n, m 2 np. 


d» For any integer n2n,, the distance between any two points of F, is less than e. 


oo d(F.) < є foralinzn, 
But d(F_) = d(E,) 
&d(E)«eforalln2ny — — —— (5) 


d* (d(F,)) — 0 


o Иа 
Hence Fn + Ф 
n=] 


OC amman 
Let XE па. Then x and x, € F, 
п= 


‚ 90 d(x, X) < d(F,) 
oo d(x,, x) < є for all n2n, (by (5)) 
oo (X) > x 


oo M is complete. 


Note 1 : 


oc 
In the above theorem Nn contains exactly one point. 
n= 


oc 
For suppose nn contains two distint points x and y. 
n= 


Then d(F,) 2 d(x, y) for all n. 
со (d(F,)) does not tend to zero which is a contradiction. 


o 


oc 
oo П contains exactly опе point. 
n= 


Note 2: 


ac 
In the above theorem i may be empty if each F, 1s not closed. 
n= 


1 
For example, consider F, = о d in R. 


Clearly F,2F,2........ sp) ec NUR and 


1 
(d(F,)) = i oo as n—»oo 
оС 
But ПЊ = ф. 
n=1 
Note 3 : 


oC 
In this theorem M may be empty if the hypothesis (d(F,))—>0 is omitted. 
For example, consider F, = [n, o») in К. Clearly (F,) is a sequence of closed sets 


and 
Jiu) fiam] a SFE Drsna 


oc 
Also ПЊ = ф 
п=] 


Here d(F,) = © for all n and hence the hypothesis (d(F,))—>0 is not true. 
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BAIRE'S CATEGORY THEOREM 
Definition : 


A subset A of a metric space is said to be nowhere dense in M if Int A = ф. 


Definition : 


A subset А of a metric space M is said to be of first category in M if A can be 
expressed as a countable union of nowhere dense sets. 


A set which is not of first category is said to be of second category. 


oc 
Note : If A 15 of first category then A= E where E, is nowhere dense subsets in M. 
n- 


Example 1 : 


In R with usual metric. 


11 | 
А = bz ues не is nowhere dense. 


- 1 1 1 
For A = AUD(A) = foni, ceases Qe КОО | 
Clearly Int А =ф 


Ехатр!е 2: 
In any discrete metric space M, any non-empty subset А is not nowhere dense. 
For, in a discrete metric space every subset is both open and closed. 
o& A = м А - It = А 
& А 4 


oo А is not nowhere dense. 


Example 3 : 
In R with usual metric any finite subset A is nowhere dense. - 
For, let А be any finite subset of К. 
ThenA is closed and hence А = А 


Also since А is finite, no point of А is an interior piont of A. 
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& Int A = Ім А = 6 


o> А is nowhere dense. 


Example 4 : 
Consider R. with usual metric. Any singleton set (xj is nowhere detis. 


Any countable subset of R being a countable union of singleton sets is of first 
category. 


In particular Q is of first category. 


Note : 


If A and B are sets of first category in a metric space M then AUB is also of 
first category. 


oo 
For, since А and B are of first category in M we have A = Ова and В = У 
n- n- 
where E, and H, are nowhere dense subsets in M. 


5, AUB is a countable union of nowhere dense subsets of M. 


Hence AUB is of first category. 


Theorem 6 : (Baire's Category Theorem) : 


Any complete metric space is of second category. 


Proof : 


Let M be a complete metric space. We claim that M is not of first category. Let 
(A,) be a sequence of nowhere dense sets in M. 


We claim that UAn + М 
n= 


Since M is open and A, is nowhere dense, there exists an open ball say B, of 
radius less than 1 such that B, is disjoint from A,. 


| o hs | 
Let F, denote the concentric closed ball whose radius 1s 2 times that of B,. 
Now Int F, is open and A, is nowhere dense. 


| 1 
oo Int Е, contains an open ball В, of radius less than 2 such that B, is disjoint 


from A,. 
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Е К 
Let F, be the concentric closed ball whose radius 15 2 times that of B). Now 


Int F, is open and A, is nowhere dense. 


1 — 
ъ Int F, contains an open ball B, of radius less than 4 such that B, is disjoint 


from A. 


Proceeding like this we get a sequence of non-empty closed balls F, such that 


1 
orem) cree) cane ыы: ЭЕ Derse and dF Son 


Hence (d(F,))—0 as поо 


Since M is complete, by Cantor's intersection theorem there exists a point x in 


oc 
M such that * Є n 
П = 


Also each Е 1s disjoint from А. 


Hence xg A, for all n. 


oc 
oo X € UAn 
n-l 


QC 
oo UAn * M. Hence M is of second category. 
n= 


Corollary : 
R is of second category. 
Note : 


The converse of the above theorem is not true. i.e., A metric space which is of 
second category need not be complete. 


For example, consider M = R-Q, the space of irrational numbers. 
We know that Q is of first category. 


Suppose M is of first category. Then MUQ=R is also of first category which is a 
contradiction. | 


oo M is of second category. 


Also M is not a closed subspace of R and hence M is not complete. 
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SOLVED PROBLEMS : 
Problem 1 : 

Prove that any nonempty open interval (a, b) in R is of second category. 
Solution : 

Let (a, b) be a nonempty open interval in R. 

Suppose (a, b) is of first category. 

Now, [a, bl = (a, bu {a}U (b) 

oo [a, b]is of first category. 


But [a, b] 1s a complete metric space and hence is of second category which is a 
contradiction. 


oo (a, b) is of second category. 


Problem 2 : 


Prove that a closed set А in a metric space M is nowhere dense iff AC is 
everywhere dense. 


Solution : 
Let A be a closed set in M. 
WASA re (1) 
Suppose А is nowhere dense in M 
oo Int A = $ 
4 Int A= (by (1)) i (2) 


Now we claim that Ac = М 


Obviously AC СМ — Е Ы 2 ee (3) 
Let xeM. Let G Бе any open set such that xeG 

since Int A = ф we have GzA 

& СеАСеф 
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% By (3) and (4) we have M = АС 

o» АС is everywhere dense іп M. 

Conversely let АС t< everywhere dense in M. 
& АС =M 

We claim that Int A = ф 

Let G be any nonempty open set in M. 


Since A = M we have G'ACz$ 


| d GzA 


oo The only open set which is contained in А is the empty set. 
oo Int A=. æ Int A = ф (by (1)) 


oo À is nowhere dense in M. 


Exercise : 


р; 


2, 


Prove that a subset of a nowhere dense set is a nowhere dense set. 


Prove that the union of a countable number of sets which are of first category is 


again of first category. 


Prove that any complete metric space M in which every finite subset is nowhere 


dense is uncountable. Deduce that R is uncountable. 


(Hint. If M is countable then M is of first category). 
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REAL ANALYSIS UNIT - 3 


CONTINUITY 


The definition of continuity for real valued functions depends on the usual 
metric of the real line. Hence the concept of continuity can be extended for functions 
defined from one metric space to another in a natural way. 


Definition : 


Let (M,, dj) and (M,, а.) be metric spaces. Let M, —>M, be a function. Let 
aeM, and /єМ,. The function f is said to have limit as x—a if given є>0, there exists 
970 such that O«d,(x, a)«ó > d (f(x), D<e. 


We write M f(x) =] 
xa 


. Definition : 


Let (M,, dj) and (M,, d,) be two metric spaces. Let аєМ,. A function 
Ғ.М, ЭМ, is said to be continuous at a if given e>0, there exists 670 such that 
d(x, a)<d => d. (fx), f(a))<e. 


fis said to be continuous if it is continuous at every point of M,- 


Note 1 : f is continuous at a iff Lt f(x) = f(a). 
Xa 


Note 2 : The condition d,(x, a)<6 => d,(f(x), f(a))<e сап be rewritten as (1) xeB(a, д) 
=> f(x)eB(f(a),€) or (ц) f(B(a, 5)) c В(Қа), є). 


Example 1 : 


Let (M,, d,) and (M,, d,) be two metric spaces. Then any constant function. 
t: M,—M, is continuous. 
Proof : 

Let М, М, be given by f(x) = a where aeM, is a fixed element. 

Let xeM, and є>0 be given. 

Then for any 5>0, (B(x, 5)) = {atc Ba, є) 

oo f is continuous at x. 


Since xeM, is arbitrary, f is continuous. 
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Example 2: 

Let (M,, d,) be a discrete metric space and let (М,, d,) be any metric space. 
Then any function f:M,—M, is continuous. i.e., any function whose domain 1s a 
discrete metric space is continuous. 
Proof : 

Let xeM,. Let є>0 be given. 

Since M, is discrete for any à«1, B(x, б)={х} 

oo f(B(x, б)) = (fG0j CB(f(x), €) 


c» f is continuous at x. 


Theorem 1 : 
Let (M,, d,) and (М,, d,) be two metric spaces. 


Let aeM,. A function f:M,—M, is continuous at а iff (x )—a => (f(x, D> f(a). 


Proof : 
Suppose f is continuous at a. 
Let (x,) be a sequence in M, such that (x,)a 
We claim that (f(x,))— f(a). 
Let €»0 be given. By definition of continuity there exists 6>0 such that 
d (х, а)<5 = d (f(x), fag)ce rrr (1) 
Since (x, )—a there exists a positive integer n, such that d,(x,, a)<6 for all n2n,. 
oo d,(f(x,), f(a))«e for all n2n, (by (1)) | 
c (f(xn))f(a) 
Conversely, suppose (x,) > a > (f(x D> f(a) 
We claim that f is continuous at a. 
Suppose f is not continuous at a. 
Then there exists an €»0 such that for all 620, f(B(a, 5)) с B(f(a), є) 
In particular f(B (a, 1/n)) ж B(f(a), €). 
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Choose x, such that x, ЄВ(а, 1/n) and f(x )zB(f(a), є). 
oo а(х a)<1/n and d (f(x), f(a))ze. 


do (x,)—a and (f(x,)) does not converge to f(a) which is a contradiction to the 
hypothesis. 


oo f is continuosu at a. 


Corollary : 


A function Ё: M,—M, is continuous iff (x )x => (f(x, D> fx). 


Theorem 2: 


Let (M,, d,) and (М,, d,) be two metric spaces. f:M,—M, is continuous iff 
ЁС) is open іп M, whenever G is open in M,. i.e., f is continuous iff inverse image 
of every open set is open. 


Proof : 

Suppose f 15 continuous. 

Let С be an open set in M,. 

We claim that f! (G) is open in M,. 

If f-!(G) is empty, then it is open. 

Let РС) + $ 

Let xef !(G). Hence f(x)eG 

Since G is open, there exists an open ball B(f(x), €) such that 
Вх), e)G (1) 

By definition of continuity, there exists an open bali B(x, б) such that 
f(B(x, 5)) c B(f(x), є) 

оо f(B(x5)cG (by (1)) 

oo B(x, 8) < f '(G) 

Since xef !(G) is arbitrary, f! (G) is open. 


Conversely, suppose f (С) is open in M, whenever G is open in M.. 
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We claim that f is continuous. 

Let xeM,. 

Now B(f(x), €) is an open set in M}. 

oo f (B(f(x), є) is open in M, and xef (B(f(x), є)) 
oo There exists 670 such that B(x, $) c f !(f(x), є)) 
oo f(B(x, 0)) c B(f(x), є) 

oo f is continuous at x. 


Since xéM, is arbitrary f is continuous. 


Note 1 : 


If f :M,—M, is continuous and С is open in M}, then it is not necessary that 


f(G) is open in M,. 


open. 


i.e., under a continuous map the image of an open set need not be an open set. | 
For example let M,-R with discrete metric and let М„=К with usual metric. 


Let f£:M,—M, be defined by f(x)=x. Since M, is discrete every subset of M, is 


Hence for any open svbset С of M}; Ё (С) is open in M,. 
oo f is continuous. 

А = {x} is open in M,. 

But f(A) = {x} is not open in М,. 


Note 2: 


In the above example f is a continuous bijection whereas f1:M, >M, is not 


continuous. 


For, {x} is an open set in M,. 
(f1)! ({x}) = {x} which is not open in M,. 
oo f! is not continuous. 


Thus if f is a continuous bijection, f! need not be continuous. 
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Theorem 3: 
Let (M,, dj) and (M,, d,) be two metric spaces. A function f:M >M, is 
continuous iff f-!(F) is closed in M, whenever F is closed in М,. 
Proof : 
Suppose f:M,—M, is continuous. 
Let FEM, be closed in M,. 
də ЕС is open in M}. 
do f" (FC) is open in M,. 
But f Е) = [f (F)]€ 
f (F) is closed in М. 
Conversely, suppose f !(F) is closed in M, whenever Е is closed in M.. 
We claim that f is continuous. | 
Let G be an open set in M,. 
de СС is closed in M.. 
do f (GC) is closed in M,. 
д [f (G)]* is closed in М. 
de f! (G) is open in М. 


до f 15 continucus. 


Theorem 4 : 
Let (M,, dj) and (M,, а.) be two metric spaces. Then f:M,—>M, is continuous iff 
f(A) c f(A) for all AcM.. 
Proof : 


Suppose f is continuous. 


Let ACM,. Then f(A)cM, 


Since f is continuous, t^ (f(A)) is closed in M,. 
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Also f^ (£(A)) 2 A (since f(A) > f(A)) 


But À is the smallest closed set containing A. 


oo f(A) c f(A) 
Conversely, let f(A) c f (A) for all ACM,. 
To prove that f is continuous, we shall show that if F is a closed set in M,, then 
ЁСЕ) is closed in M}. 
=l S p-lfgàÀ 
By hypothesis, {ғ (F)) с ff (F) 


с Е 
= Е (since Е is closed) 





Thus  f(r(F) е Е 

ct СЦЕ) с f'E) 
Also IF) c ГЕ) 
dt ЕЕ) = rr) 


Hence f^! (Е) is closed. 


& fis continuous. 


Solved Probiems : 
Problem 1 : 


Let f be a continuous real valued function defined on a metric space M. 


Let А = {xeM}/f(x)20}. Prove that A is closed. 


Solution : 


(xeM/f(x)20) 


> 
| 


(xeM/f(x)e[0, oo)! 


f-1([0, oo)) 
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Also [0, оо) is a closed subset of R. 
Since f is continuous, f^! ([0, o»)) is closed in M. 


oo À iS closed. 


Problem 2: 


Show that the function f:R->R defined by 


О if x is irrational 
f(x) = 1 if x is rational 


is not continuous by each of the following methods. 


(1) 
(11) 
(iii) 
(iv) 
(v) 


By the usual e, 6 method. 


By exhibiting a sequence (x,) such that (x, )—»x and (f(x,)) does not converge to 
f(x). 


By exhibiting an open set G such that f^! (G) is not open. 


By exhibiting a closed subset Е such that f*!(F) is not closed. 


By exhibiting a subset of A of R such that f(A) с. f(A) 


Solution : 


(1) 


To prove that f is not continuous at x we have to show that there exists ап €»0 


such that for all 620, 


f(B(x, 5)) с B(f(x), €) 
Let e = 1/2 
For any 570, B(x, 5) = (x-6, x+8) contains both rational and irrational numbers. 


If x 1s rational, choose yeB(x, б) such that y is irrational and if x is irrational 


choose уєВ(х, à) such that y is rational. 


Then lf(x)-f(y)| = 1 (by definition of y) 
i.e., d(f(x) f(y) = 1 
oo f(y) e B(f(x), 1/2) 


Thus ye B(x, 5) and f(y) eB(f(x), 1/2) 
co f(B(x, ©)) B(f(x), ©) 


Hence f is not continuous at x. 
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(11) Let xeR. Suppose x is rational. Then f(x) = 1 
Let (x,) be a sequence of irrational numbers such that (x, )—x. 
Then (f(x,)) 0 and f(x) = 1 
oo (f(x, )) does not converge to f(x). 


Proof is similar if x is rational. 


1 3. 
(i) Let G = E >| Clearly С is open 1р К. 


f'(G) = {xeR/f(x)eG} 


But Q is not open in R. 
Thus ҒО) is not open in В. 


©, fis not continuous. 


1 3 
(iv) Choose F = B 4 
Then f-(F) = О which is not closed in К. 
oo f is not continuous. 
(v) LetA=Q. Then А =R 
& f(A) = КК) = (0, 1} (by definition of y) 
Also f(A) = (Q) = {1} 
% f(A) = {I} = {1} 
® f(A) c f(A) 
oo f is not continuous. 


Problem 3 : 


Let M,, M,, M, be metric spaces. If £M, M, and g:M,—>M, are continuous 
functions, prove that gof:M,—M, is also continuous. 


i.e., composition of two continuous functions is continuous. 
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Solution : 
Let G be open in M,. 
Since g is continuous, g !(G) is open in M,. 
Now, since f is continuous, f!(g !(G)) is open in M}. 
i.e., (gof) '(С) is open in M.. 


oo gof is continuous. 


Problem 4: 


Let M be a metric space. Let MR and g:M->R be two continuous functions. 
Prove that f-g:MR is continuous. 


Solution : 
Let (x,) be a sequence converging to x in M. 
Since f and g are continuous functions, 
(f(x,)) f(x) and (g(x,))8(x) 
с (f(x,)*g(x,))1f(x)*g(x) 
Le., ((f+g) (x) (f*g)(x) 


oo {+g 15 continuous. 


Problem 5: 

If RR and g:R9R are both continuous functions оп В and if h:R?9R? is 
defined by h(x, y)=(f(x), g(y)) prove that h is continuous on R?. 
Solution : 

Let (x,, у) be a sequence іп R? converging to (x, y). 

We claim that (h(x,, y,)) converges їо h(x, y). 

Since ((x,, y,))—(x, y) in R^, (x,)x and (у )—y in К. 

Also f and g are continuous. 

do (f(x, ))—f(x) and g(y,)8(y) 

oo (f(x,), g(y,) 5 (f(x), sty) 

do (h(x,, y,))h(x, y) 

c» h is continuous on R?. 
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Problem 6: 
Let (M, d) be a metric space. Let aeM show that the functiun f:£M—R defined 


by f(x) = d(x, a) is continuous. 


Solution : 
Let xeM 
Let (х) be a sequence in M such that (х )x 
We claim that (f(x, ))—f(x) 
Let є>0 be given. 
Now, |f(x.)—f(x)] = |d(x,, a)-d(x, a)| < d(x,, x) 


Since (x )—x, there exists a positive integer n, such that d(x,, x)«e for all 
n2n,. 
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со [f(xn)-f(x)|«e for all n2n,. 
oo (f(x, )) => f(x) 


oo f 1S continuous. 


Problem 7 : 

Define f:7,—1L, as follows. If sel, is the sequence S,, S5,...., let f(s), be the 
sequence 0, S,, s,,....... show that f is continuous on l.. 
Solution : 


Let y = (Yp у,,....... Уе )є1, 


Let (x,) be a sequence in /, converging to y. 


Let x = (X, Xy Xr) 
Then (x, JOY: (x,,)Y5. stan (X,Y T 
oo (f(x. )) = ((0, Xn Xn ee Xa ere )(0, yi Y». Узза) = f(y) 


оъ (f(x. ))f(y) 


оь fis continuous. 
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Problem 8: 


Let G be an open subset of R. Prove that the characteristic function on G 


1 ifxeG 


defined by x (x) = lo ifxeG is continuous at every point of G. 


Solution : 


Let xeG so that у(х) = 1 
Let є>0 be given. 


Since С is open and xeG, we can find a 5>0 such that 


В(х, ё) c G 
oe xG(B(x, 9)) с (О) 
= X1 
c В(1, є) 
Thus Xc(B(x, 9)) © B(x, (x), є). 


de Xg 15 continuous at x. 


Since хєС is arbitrary, %g is continuous оп С. 


Exercise : 


l. 
2. 


Prove that that map f:R"—R defined by f(x, X,,......X,) = X, is continuous. 


If f and g are two continuous functions from a metric spae M, into another 


metric space M, and if f(x) = g(x) for all x€A, then prove that f(x) = g(x) for all 
хєА where AcM,. 


-2 ifx < 0 


Let f:R->R be defined by f(x) = | 2 ifx»0 


Prove that f is not continuous. 
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HOMEOMORPHISM 
. Definition : — 


Let (M,, dj) and (М,, d,) be metric spaces. A function М-М, is called a 


homeomorphism if 
(i) fis 1-1 and onto 
(11) f is continuosu 
(iii) Ё! 15 continuous 
M, and M, are said to be homeomorphic if there exists а homeomorphism. 
f:M >M.. 
Definition : 


A function f:M,—>M, is said to be an open map if f(G) is open in M, for every 
open set G in M.. 


i.e., f is an open map if the image of an open set in M, is an open set in M,. 


f is called a closed map if f(F) is closed in M, for every closed set F in M,. 


Note 1 : 
Let М, ЭМ, be a 1—1 onto function. 
Then ЁҒ! is continuous iff f is an open map. 
For, f! is continuous iff for any open set С in М, (f)! (С) is open in М,. 
But, (f!) (С) = КС) 
съ f^! is continuous iff for every open set С in M,, f(G) is open in M.. 


æ f-! is continuous iff f is an open map. 


Note 2 : 


f! is continuous iff f is a closed map. 


Note 3 : 


Let М-М, be a 1—1 onto map. Then the following are equivalent. 
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(1) f is a homeomorphism 
Gi) fis a continuous open map 


(iii) fis a continuous closed map. 


Note 4: 


Let ЕМ, М, be a homeomorphism. GCM, is open in M, iff f(G) is open in 
M,. 


For, since f is an open map G is open in M,—»f(G) is open in M.. 
Also, since f is continuous, f(G) is open in M,—f !(f(G))=G is open in M,. 
e G is open in M, iff f(G) is open in M, и | | === (1) 


Conversely, if МЭМ, is a 1-1 onto map satisfying (1) then fis a 
homeomorphism. | | 


Thus a homeomorphism f:M,—>M, is simply a 1-1 onto map between the pionts 
of the two spaces such that their open sets are also in 1—1 correspondence with each 
otehr. | 


Note 5 : 


Let М ЭМ, be a 1-1 onto map. Then f is a homeomorphism iff it satisfies the 
following condition. | 


F is closed in M, iff f(F) is closed in M}. 
Example 1 : 

The metric spaces [0,1] and [0, 2] with usual metric are homeomorphic. 
Proof : 

Define f:[0, 1]—>[0, 2] by f(x) = 2х. 

Clearly f 15 1—1 and onto 

Also f(x) = Zx 


f and f! are both continuous 


o» f is a homeomorphism. 
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Example 2 : 


The metric spaces (0, ©) and R with usual metrics are homeomorphic. 


Proof : 

Ғ:(0, o)—R defined by f(x)-log.x is the required homeomorphism. Here 
f(x) = ех, 
Example 3 : 


лт л 


The metric spaces e 4 and R with usual metrics are homeomorphic and 


T л 
«(-5. z) —R defined by f(x) = tax x is the required homeomorphism. 


лл 
In this example, Cx) 15 not a complete metric space whereas К 18 


complete. 


This shows that completeness of metric spaces is not preserved under 
homeomorphism. 


Example 4 : 


The metric spaces (0, 1) and (0, со) with usual metrics are homeomorphic. 


Proof : 
X 
Define f:(0, 1)—(0, о) by f(x) = ту 
We claim that f 1s 1—1 and onto. 
Let f(x) = f(y) 
5 х 9 
oo 1 s 1 _ y 
oo X—Xy = y-Xy 
оо X — y 


Hence fis 1-1. 


Let ує(0, о) 
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Mn 
оо (х) = у => i 


=> у-ху = х 
=> х(1+у) = у 


y 
=> x= 7 
l+y 


Ld 


1+у 


oo 


є(0, 1) is the preimage of y under f. Clearly f and f^! are continuous. 
oo f is a homeomorphism. 


Example 5 : 


R with usual metric is not homeomorphic to R with discrete metric. 


Proof : 
Let M, = R with usual metric. 
Let M, = R with discrete metric 
Let ЕМ М, be any 1-1 onto map. 
Now, {а} is open in М.. 
But f !((a)) = {f'(a)} is not open in М. 
Hence f is not continuous. 


Thus any bijection f:M,—M, is not a homeomorphism. Hence M, is not 
homeomorphic to M}. | 


Definition : 


Let (M,, dj) and (M,, d,) be two metric spaces. Let £M,—M,, be a 1-1 onto 


map. f is said to be an isometry if d,(x, y)=d,(f(x), f(y)) for all x, yeM,. In other 
Words, an isometry is a distance preserving map. 


M, and M, are said to be isometric if there exists an isometry f from M, onto 
М,. 


Example 6: 


R? with usual metric and C with usual metric are isometric and f:R2C defined 
by f(x, y) = x+iy is the required isometry. 
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Proof : 


Let d, denote the usual metric on R? and d, denote the usual metric on C. 
Let a = (x,, y) and b = (x,, y;)eR?. 
Then d,(a, b) = =з d ИЕА 7 

е (а, (x1 - x2)" *(yv1- уә) 


(x 1X3) Cy -y))I 


| 


(x pry, )+(x,+1y,) | 
d (f(a), f(b)) 


oo f is an isometry. 


Example 7 : 

Let d, be the usual metric on [0, 1] and d, be the usual metric on [0, 2]. The 
map f:[0, 1]—>[0, 2] defined by f(x) = 2x is not an isometry. 
Proof : 


Let x, ує[0, 1] 


Then d (f(x), fy) = IfG)-f(y) 
= |2x—2y| 
= 2lx-y| 
— 2d, (x, y) 
So d(x, y) + d (E&x), f(y) 


Hence f is not an isometry. 


Note : 


Since an isometry f preserves distances, the image of an open ball B(x, г) is the 
open ball B(f(x), r) 


Hence it follows that under an isometry the image of an open set is also an open 


set. Also if f is an isometry f! is also an isometry. 


Hence under an isometry the inverse image of an open set is open. 


94 


Hence an isometry is a homeomorphism. 


But a homeomorphism from one metric space to another need not be an 


isometry. 


For example f:[0, 1]—>[0, 2] defined by f(x) = 2x is a homeomorphism. 


But f is not an isometry. 


Exercise : 


Prove that any two open intervals are homeomorphic. 


1 1. | 
i-x x 5 a homeomorphism. 





Show that f:(0, 1)-R defined by f(x) = 


Prove that (2, 5) and (8, 11) are isometric 
Prove that homeomorphism is an equivalence relation among metric spaces. 


Prove that isometry is an equivalance relation among metric spaces. 
UNIFORM CONTINUITY 


We introduce the concept of uniform continuity. 


Let (M,, d,) and (M,, d,) be two metric spaces. Let f:£M,—M, be a continuous 


function. For each aeM, the following 15 true. 


Given є>0, there exists a 670 such that а (х, a)«ó — d (f(x), f(a))«e. 
In general the number б depends on e and the point a under consideration. 
For example, consider f:R->R given by f(x) = х? 
Let аєВ. Let є>0 be ей 
We want to find б>0 such that 

x-aj«8 => If()-f(a)]«e (1) 
Clearly if 5>0 satisfies (1) then any 5, where 0<6,<6 also satisfies (1). 


Hence if there exists a 5>0 satisfying (1) then we can find another 9, such that 


0<8,<1 and б, also satisfies (1). 


Hence we may restrict x such that |х—а|<1. 
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а-1 <x<atl 
xta < 2а+1 
If(x)—f(a)] = |х^—-а2| = |x*a| |x—al 


< |2а+1 | |x—aJ if x-a| < 1 


Hence if we choose 6 = min | then we have |x-a|«6 => |f(x)-f(a)|«e. 


E. aE 
"al 


Thus we see that the number 6 depends on both e and the point a under 
consideration and if a becomes large, 5 has to be chosen correspondingly small. In fact, 
there is no 670 such that (1) holds for all a. 


For, suppose there exists 670 such that 


Ix-a|«ó => |f(x)-f(a)|<e for all aeR 








1 
Take X = at, 0 
1 
Clearly, Ix-a| = 5 9*0 
oo If(x)—f(a) < € 
2 

1 2 
c ox ы < є 

111 
о —ó|—ó6 + 2а 
оо 2 Р < € 





This inequality cannot be true for all aeR, since by taking a sufficiently large, 


111 
we сап make 2 59 +2а|>є 








Thus there is no 6>0 such that (1) holds for all aeR 
Let ERR be given by f(x) = 2x 
Let aeR. Let є>0 be given. 


Then |f(x)-f(a)| = |2x-2al- 2|x-a| 
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] 
oo If we choose $ = > € then we have 


Ix-a|l«ó => |f(x)-f(a)|<e 
Here 6 depends on e and not an a. 


i.e., for a given є>0 we are able to find 5>0 such that 8 works uniformly for all 
ae KR. 


Definition : 


Let (M,, а) and (M,, d,) be metric spaces. A function ЁМ М, is said to be 
uniformly continuous on M, if given €>0 there exists a 670 such that d,(x, y)<6 
=d, (f(x), f(y))«e. 


Note 1: 


If f:M,—M, is uniformly continuous on M,, then f is continuous at every point 


of M.. 


Moreover for a given є>0 there exists a ӧ>0 such that x, ye€M, and а (х, y)<6 
—d,(f(x), f(y))«e. 


Thus uniform continuity is continuity plus the added condition that for a given 
€70 we can find 670 which works uniformly for all points of M,. 


Note 2 : 
A continuous function £M М, need not be uniformly continuous on M,. 


For example f:R->R defined by f(x) = х? is continuous but not uniformly 
continuous on R. 


Solved Problems : 


Problem 1 : 


Prove that f:[0, 1]—R defined by f(x) = x? is uniformly continuous on [0, 1] 


Solution : 


Let є>0 be given. Let x, ує[0, 1]. 
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Then Fo- = [к-у = berylix-yl 
< 2|х-у| (since х<1 and у<1) 
AM 
ct х-у<уе > If(x)-f(y)]« e 


& f is uniformly continuous on [0, 1] 
Problem 2: 


1 
Prove that the function f:(0, 1)R defined by f(x)-— is not uniformly 
continuous. 


Solution : 


Let є>0 be given. Suppose there exists a 620 such that 


|х-у[<6 => |f(x)-f(y)| < є 








1 
Take x = у+-ӧ 
1 
Clearly |x-y| = зо 
de If(x)-f(y| < є 
1 | 
oo ——77l < E, 
X y 
1 1 
оо 1 m « € 
+o У 
3 
Е: 
oo 1 « € 
2| y+—d 
c 
© 
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à | 
This inequality cannot be true for all ye(0, 1) since (2у+ 5)y becomes 


arbitrarily large as y approaches zero. 


& fis not uniformly continuous. 


Problem 3 : 


Prove that the function f:RR defined by f(x) = sin x is uniformly continuous 
on R. 


Solution : 
Let x, yeR nd x»y 
sin x — Sin y = (x-y)cos z where х>2>у (by mean value theorem) 
oo lsin x —sin y| = |х-у| |cos z| 
€ |x-y| (since |cos z|<1) 
Hence for a given є>0, if we choose ӧ=є, 
we have |x-y|«6 => |f(x)-f(y)| = |sin x — sin y| «e. 


d» f(x) = sin x is uniformly continuous on R. 


Exercise : 


1. Let ERR and g:R-R be two functions uniformly continuous on R. Prove that 
f*g is also uniformly continuous on R. 


2. | Is the product of uniformly continuous real valued functions again uniformly 
continuous? 


3. Determine whether f:[0, 1]—R defined by f(x)=./x is uniformly continuous. 


DISCONTINUOUS FUNCTIONS ON R 


Definition : 


A function f:R->R is said to approach to a limit / as x tends to a if given є>0 


there exists a 8>0 such that 0<}x-al<8 => |f(x)-II<e and we write 14 f(x) =]. 
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A function f is said to have / as the right limit at x=a if given є>0 there exists 


a 620 such that a<x<até => |{х)-Д<є and we write Es A f(x) = [. 


Also we denote the right limit / by f(at). 
A function f is said to have / as the left limit at x=a if given є>0 there exists a 


870 such that a~8<x<a => [f(x)-l|«e and we write Pt. f(x) =. 


Also we denote the left limit 1 by f(a-). 


Note 1 : 
Lt f(x) -liff Lt f(x)- Lt f(x)=/ 
x—a Xa Xxa- 
Note 2 : 


f is continuous at a iff {а+) = f(a—) = а) 
Note 3 : 


If 2 f(x) does not exist then one of the following happens. 


(1) " = А f(x) does not exist. 
di) „14 f(x) does not exist. 


(ш) , е f(x) and А ol f(X) exist and are unequal. 


Definition : 

If a function f 1s discontinuous at a then a is called a point of discontinuity for 
the function. 

If a is a point of discontinuity of a function then any one of the following cases 


arises. 


(1) Eod f (x) exists but is not equal to f(a). 


(11) Nes А f(x) апа E f(x) exist and are not equal. 


... . Lt f(x)or Lt f(x 
(iii) — Either ro ( ) P ( ) does not exist. 
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Definition : 


Let a be a point of discontinuity for f(x) a is said to be a point of discontinuity 


of the first kind if 4 f(x)and Lt f(x) exist and both of them are finite and 
X—a- х-»а- 
unequal. 
a is said to be a point of discontinuity of the second kind if either 
Lt f(x) or Lt 
xa 


f(x) 
PEST does not exist. 


Definition : 


Let AcR. A function f:AR is called monotonic increasing if x, ye A and x<y 
=> f(x)<f(y). 


f is called monotonic decreasing if x, ye A and x»y—f(x)2f(y). 


f 15 called monotonic if it is either monotonic increasing or monotonic 
decreasing. 


Theorem 5: 


Let f:[a, b]->R be a monotonic increasing function. Then f has а left limit and a 
right limit at every point of (a,b). Also f has a right limit at a and f has a left limit at b. 


Further x<y => f(x*) x f(y-) 
Similar result is true for monotonic decreasing functions. 
Proof : 


Let f:[a, bB]-5R be monotonic increasing. 
Let x e[a, b]. Then {f(t)/a<t<x} is bounded above by f(x). 


Let I = до. {f(t)/ast<x} 
We claim that f(x—) = l 


Let €>0 be given. By definition of /.u.b. there exists t such that a<t<x and | 
l-e«f(t)xi 


oo t<u<x = /-e<f(t)<f(u)</ (since f is monotonic increasing) 
=> l-e<f(u)s/ 
oo x-d<u<x => 1-є<џ)</ where 5=x-t 


oo f(x-) = [ 
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Similar we can prove that 
fx-) = g.l.b.{f(t)/x<t<b} 


Now we shall prove that 
х<у => f(x+)sfly-) 


Let x<y 
Now, x+) = gib. (f(Olx«tsb) 
= glb.(fix«txy)] 00  -——— (1) 
(since f is monotonic increasing) 
Also f(y-) = Lu.b. {f(t)/ast<y} 
= [ub.íf(tYxstzy)] |. | | ====.=-= (2) 


с (x+) < fiy) (by (1) and (2)) 


Theorem б: 
Let f : [а, b]5R be a monotonic function. Then the set of points of [a, b] at 
which f is discontinuous 1s countable. 
Proof: 
We shall prove the theorem for a monotonic increasing function. 
Let E = (x/xe[a, b] and f is discontinuous at x} 
Let хєЕ. Then f(x+) and f(x) exist and f(x-)<f(x)<f(x+) 
If f(x—) = f(x) then f(x—) = f(x) = f(x+). 
oo f 18 continuous at x which is a contradiction. 
oo f(x—) x f(x+) 
E f(x «f(x*) | 
Choose á rational number r(x) such that f(x—)<r(x)<f(x+). 
This defines a TT r from E to Q which maps x to r(x). 
* . We claim that r is 1-1. 
Let x,<x, | 


оо f(x 1 +)<f(x,— 
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Also f(x,—)«r(x,)«f(x,-) 
and f(x,—)<r(x,)<f(x,+) 

д» 1(X,)<f(x,+)<f(x,-)<r(x,) 
Thus x,«x, => r(x,)<r(x,) 
oo r:E—OQ is 1-1. 

Hence E is countable. 


Thus we have proved that the set of discontinuties of a monotonic function is 
countable. 


Definition : 


A subset D of К is said to be of type Е. if D can be expressed as a countable 
union of closed sets. 


1.е., D-UF, where every Е is a closed subset of R. 
Definition : 


. Consider any function f:R->R. Let I be a bounded open interval in R. Then the 
oscillation of f over I denoted by œ(f, I) is defined by 


o(f,I = Lub. {f(x)/xeD 
If acR the oscillation of f at a denoted by w(f, a) is defined by o(f, а) = g.I.b. 
o(f, I) where g./.b. is taken over all bounded open intervals containing a. 
Example : 
Consider the function f:RR defined by f(x) = [x] 
Let а=4. Let I be any bounded open interval containing 4. 
Suppose I does not contain any integer other than 4. Then olf, I) = 4—3 = 1. 
For any other open interval I containing 4, 
of, ID > 1 
oo o(f, 4) = 1 


In general, for any nez, o(f, n) = 1 


Theorem 7 : 


£RR is continuous at aeR iff o(f, a) = 0. 
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Proof : 


Suppose f is continuous at a. 


1 
Let є>0 be given. Then there exists 5>0 such that |x—al<6 => #0) а)|< E. 


Let I = (a—6, a+ô) 


1 
oo For any xel, Eas E. 


1 1 
oo For any x, yel, |f(x)—f(y)| < If(x)-f(a)| + |f(a)—f(y)| < 5 є+5 Є = є. 


oo ot, I) < є. 
Since є2>0 is arbitary o(f, а) = 0 
Conversely, let o(f, a) = 0. We claim that f is continuous at а. 


Let є>0 be given. 


Since w(f, a) = g./.b. o(f, I) = 0, there exists a bounded open interval I 
containing a such that 


(€D < e | h.5 semm (1) 
Let x,x,€]1 
Then f(x) < Lub. (f(x)ixel) 
and f(x) > g.Lb.{f(x)/xe}} 
z Rx -f < af D<e by (1) 


Thus for any two points x,, x, € I, [f(x )- f(x )]|«e. 
In particular |f(x)—f(a)|<e for all xel. 


Since I is a bounded open interval containing a we can choose 6 > 0 such that 
(аҹ, a+d)cI. 


oo [f(x)-f(a)|«« for all xe(a-6, a*ó) 
oo |x—a|<d > If(x)-f(a)i«e. 


oo fis continuous at а. 
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Theorem 8: 


1 
Let Е-Е be any function. Let r»0. Then E fa ER/ o(f.a)24} is a Closed 


set. 


Proof : 
Let x be any limit point of E.. 
We claim that xeE,. 


€ | = 


Бог this wemust prove that o(f, x) > 


Let 1 be any bounded open interval containing x. Since x is a limit point of E, I 
contains a piont y of E.. 


Hence I is a bounded open interval containing y. 


oo o(f, y) < of, I) 

1. 
But olf, у) > m (since ye E) 

1 - | 
до of, Г) 2 : and this 1s true for any bounded open interval I 

containing x. 
(£3) > 
оо „А m 7; 
j r 

оо x e E 


oo Е contains all its limit points. 


oo E, is closed. 


Theorem 9: 


Let D be the set of points of discontinuities of a function f:R->R. Then D is of 
type F,. 


Proof : 


Let xeD. Then f 1s discontinuous at x. 


до o(f, x) > 0 (by theorem 7) 
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1 TEMP" 
oo o(f, x) > " for some positive integer n. 


d» x€E, for some positive integer n where E, is defined as in theorem 8. 


oc 


oo X € NEn 
n=ł 
ос 
oo D c UEa | —  — | .---- (1) 
n=1 
oc 
Let X € UE 
n-1 


Then хєЕ, for some positive integer n. 


] 
oo f 2 =“, 
of, x) н 


Hence @([, x) > 0. 


e» fis discontinuous at x. Hence x eD. 


оС 
c UEn ер | | aaa (2) 


ЈЕ, (by (1) and (2)). 


H 


Thus D 


Also each E, is closed (by theorem 8) 


Thus D is a countable union of closed sets. 


co D is of type Е. 


Theorem 10: 


There is no function f:R->R such that f is continuous at each rational number 
and discontinuous at each irrational number. 


Proof : 


Because of theorem 9 it is enough to prove that the set А of all irrational 
numbers is not of type F,. 


Suppose A is of type F,- 
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Then A = UFh where each Г. is closed. 


1 


" CR 


Since F, contains only irrational numbers, F, cannot contain any open interval. 


9 


ф (since Е is closed) 


co Int Fn 


oo Int E, 
co Е 1s nowhere dense. 
oo À is of first category which 1s a contradiction. 
oo А is not of type F,- 


Hence the theorem. 


Exercise : 


1. ҤЇ:М|->М, is a continuous bijection then Ё! : M,—M, is also continuous. 
2. If M, is homeomorphic to М, and M, is complete then М, is complete. 
3. If f : М-М, is continuous at every point of M, then f is uniformly continuous 
on M,. | 
4. If f : M, M, is uniformly continuous on M, then f is continuous at every point 
of M,. 
1 


5. f : [0, 1]-5R defined by f(x) = x? is uniformly continuous on [0, 1]. 
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REAL ANALYSIS UNIT - 4 


CONNECTEDNESS 


In R consider the subsets А = [1, 2] and B = [1, 2]U[3, 4]. The set A consists of 
a single ‘piece' whereas B consists of ‘two ре We say that А 15 a connected set 
and B 15 not a connected set. 
Definition and Examples : 
Definition : 


Let (M, d) be a metric space. M is said to be connected 1f M cannot be 
represented as the union of two disjoint non-empty open sets. 


If M 1s not connected it 1s said to be disconnected. 


Example 1 : 


Let M = [1, 2JU[3, 4] with usual metric then M is disconnected. 


Proof : 
[1, 2] and [3, 4] are open in M. 
Thus M is the union of two disjoint non empty open sets namely [1, 2] and [3, 4]. 


Hence M is disconnected. 


Example 2 : 


Any discrete metric space M with more than one point 15 disconnected. 


Proof : 


Let А be a proper non-empty subset of M. Since M has more than one point 
such a set exists. 


Then АС is also non-empty. 

Since M is discrete every subset of M 15 open. 

c» А and АС are open. | 

Thus M = AUAC where A and АС are two disjoint non-empty open sets. 
oo M 1s not connected. 
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Theorem 1 : 
Let (M, d) be a metric space. Then the following are equivalent. 
(i) Mis connected. 
(ii) М cannot be written as the union of two disjoint non-empty closed sets. 


(iii) ^M cannot be written as the union of two non-empty sets A and B such that 
АПВ=АПВ = 6. 


Gv) M and ф are the only sets which are both open and closed in M. 


Proof : 
(i) => (ii) 
Suppose (ii) is not true 
^ & M = AUB where A and B are closed A + 6, B = 6 and ANB = 9 
Ф AC =B and ВС = A 
Since А and В are closed, АС and ВС are open. 
oo B and А are open. 
Thus M is the union of two disjoint non-empty open sets. 
c» M is not connected which is a contradiction. 
% (1) => (ii) ` 
(ii) 2 (1) 
Suppose (iii) is not true. 
Then М = AUB where А + $, B + ф and АПВ=АПВ = ф. 


We claim that А and B are closed. 


Let X € À 
5 x € B (since А В = 6) 
oo X € A (since AUB = M) 
© А с А 
But А с A 
o% A= À and hence A is closed. 


Similarly B is closed. 
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Now ANB = AAB (since A = A) 


Thus M = AUB where А = 6, B ғ ф, A and B are closed and ANB = 6 which is 
a contradiction to (ii) . 


oo (11) => (111) 

(11) — (iv) 

Suppose (iv) 1s not true. 

Then there exists ACM such that AzM and Az and A is both open and closed. 
Let |— В = AC 

Then В is also both open and closed and B. 


Also M = AUB 

Further ANB = ANAF (since A=A and В=АС) 
= ф 

Similarly ANB = ф 


с М = AUB where ANB = ф = AAB which is a contradiction to (iii). 
oo (111) => (iv) 

(iv) > G) 

Suppose M 15 not connected. 

oo M = AUB where Ao, Bọ, А and B are open and AMB = 9. 

Then ВС = А 

Now since B is open А 1s closed. 

Also Azó and AzM (sicne B49) 


со А 15 a proper non-empty subset of M which is both open and closed which is 
а contradiction to (iv). 


4 (iv) > (i). 


Theorem 2 : 


А metric space M 1s connected iff there does not exist a continuous function f 
from M onto the discrete metric space (0, 1}. 
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Proof : 
Suppose there exists a continuous function f from M onto (0, 1} 
Since (0, 1} is discrete, {0} and {1} are open. 
A = f 1(£0)) and B = f*!((1)) are open in M. 
Since f is onto, А and B are non-empty. 
Clearly ANB = $ and AUB = M. 
Thus M = AUB where A and B are disjoint non-empty open sets. 
oo M is not connected which is a contradiction. 


Hence there does not exist a continuous function from onto the discrete metric 
space (0, 1} 


Conversely, suppose M 15 not connected. 
Then there exist disjoint non-empty open sets A and B in M such that M=AUB 


0 ІЁхЄА 
Now define М (0, 1} by f(x) = i ‘fx eB 
Clearly f 1s onto. 
Also Рф) = 6, £1((0)) =A, £1(£1)) = В and £1((0,13)) = M 
Thus the inverse image of every open set in (0, 1) is open in M. 


Hence f 1s continuous. 


Thus there exists a continuous function f from M onto (0, 1} which is a 
contradiction. Hence M is connected. 


Note : The above theorem can be restated as follows. M is connected iff every 
continuous function f:M— (0, 1} is not onto. 


Solved Problems : 


Problem 1 : 
Let M be a metric space. Let А be a connected subset of M. If B is a subset of 


M such that ACBcA then B is connected. In particular А is connected. 


Solution : 
Suppose B is not connected. 


Then В = B,UB, where B,#0, B5z6, B,'^B,-$ and B, and B, are open in B. 
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Now since B, and B, are open in B there exist open sets б, and С, in M such 
that 


i 
| 


G,^B and В, = G,^B 
B,UB, = (G,^B)U(G,^B) = (G,;UG,)AB 


IN 


GYG, 
с G,UG, (since ACB) 


> > uuu 


= (G,U7Gj^A 
= (G NA)U(G2NA) 

Now, GOA and G,OA are open in A. 
Further, (СА) (С,ъА) = (G,0Gj^A 

(G,^G;^B (since ACB) 

(G,^B)^(G,^B) 
B, OB, 
ф. 
ф. 


Now, since А 15 connected, either СА = 6 or GOA = ф. 


до (С | NA) GNA) 


Without lossof generality let us assume that СА = 9. 
Since С, is open in M, we have GAA = 4. 

Ф GAB = $ (since BCA) 

со B, = ф which is a contradiction. 


oo B 1s connected. 


Problem 2 : 

If A and B are connected subsets of a metric space M and if ANB = 9, prove 
that AUB 15 connected. | 
Solution : 

Let AUB- {0,1} be a continuous function. 

Since ArBz$ we can choose xE ANB 


Let f(x,) = 0 
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Since f: ALB {0, 1} is continuous f/A : A— (0, 1} is also continuous. 
But A is connected. 

Hence f/A 1s not onto. 

oo f(x) = 0 for all x€A or f(x) = 1 for all xeA. 

But f(x) = 0 and x,cA 

oo f(x) = 0 for all хєА 

similarly f(x) = 0 for all xeB 

oo f(x) = О for all xe AUB 

Thus any continuous function f:AUB-> (0, 1} is not onto. 


оо AUB 1s connected. 


Exercise : 


1. Prove that {0, 1} is not a connected subset of R with discrete metric. 


2: Let Au Маны зын be connected subsets of a metric space M each of which 


n? 


oc 
intersects its successor. Prove that UAn is connected. 


3. Let {A,} be a family of connected subsets of a metric space M such that NA, = 9. 
Then prov that A = UA, is a connected subset of M. 

4. Prove that the set of all components of a metric space M forms a partition of M. 

Э; Prove that in а discrete metric space each component consists of a single piont. 


CONNECTED SUBSETS OF R 


Theorem 3 : 


A subspace of К is connected iff it is an interval. 


Proof: 
Let A be a connected subset of R. Suppose A is not an interval. 
Then there exist a, b, c є Е such that a<b<c and a, c є A but bgA. 
Let A, = (о, b)'^A and A, = (b, o)nA 


Since (—oo, b) and (b, œ) are open in К, A, and A, are open sets in A. 
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Also A OA, = $ and А, = A 

Further ae A, and ceA, 

Hence A,# and A,zó 

Thus А is the union of two disjoint non-empty open sets A, and A,. 
Hence A is not connected which is a contradiction. 

Hence A is an interval. 

Conversely, let A be an interval. 

We claim that A is connected. 

Suppose A 15 not connected. 

Let A = A VA, where А =0ф, А.ф, АА ,=ф and A, and A, are closed sets in A. 
Choose x€A, and zeA.. 

Since АА, = $ we have xzz 

Without loss of generality we assume that x<z. 

Now, since A is an interval we have [x, z]c A. 

l.e., Ix, z] c AQUA, 

so Every element of [x, z] is either in A, or in A,. 

Now let у = /.u.b. {[x, 2]с\А,} 

Clearly x<y<z 

Hence yeA 


Let є>0 be given. Then by the definition of /.u.b. there exists te[x, z]'A, such 
that y-e<t<y 


(y-e€, yt €) n ([x, z]^A,) = ф. 

oo y e[x, zIhA, 

oo ye[x, Z]JMA, (since [x, z]^A, is closed in A) 

oo YEA, А66 (1) 
Again by the definition of y, у+є є A, for all є>0 such that yte < 2. 

Ф ye Åz. 

oo yeA, (since A, is closed) . . nen (2) 
со УЄА А; [by (1) and (2)] which is a contradiction sicne А үс\А„=ф. 


Hence A 15 connected. 
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Theorem 4: 


R is connected. 


Proof : 
R = (—со, оо) is an interval. 


co R is connected. 
Solved Problems : 


Problem 1 : 


Give an example to show that a subspace of a connected metric space need not 
be connected. 


Solution : 
We know that R 1s connected. 


A = [1, 2]U[3, 4] is a subspace of R which 1s not connected. 


Problem 2 : 


Prove or disprove if А and C are connected subsets of a metric space M and if 
AcBcC, then B is connected. 


Solution : 


We disprove this statement by giving a counter example. 
Let A=[1, 2]; В = [1, 213, A; С = В. 
Clearly ACBcC 


Here A and C are connected. But B is not connected. 


Exercise : 


Determine which of the following are connected subsets of R. 


1. [4, G]U/[8, 10] 
7, [4, 6JU[S, 7] 
3. 7. 

4. R- (0) 

5, (—oo, 0) 
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CONNECTEDNESS AND CONTINUITY 


Theorem 5: 


Let M, be connected metric space. Let M, be any metric space. Let f:£M,—M, 
be a continuous function. Then f(M,) is a connected subset of М,. 


i.e., Any continuous image of a connected set is connected. 


Proof : 


Let f(M,) = A so that f is a function from M, onto A. 
We claim that A is connected. 


Suppose А is not connected. Then there exists a proper non-empty subset B of 


A which is both open and closed in A. 


oo f! (B) is a proper non-empty subset of M, which 15 both open and closed in 


M,. Hence M, Is not connected which is a contradiction. 


Hence A 1s connected. 


Theorem 6: 


Let f be a real valued continuous function defined on an interval I. Then f takes 


every value between any two values it assumes. 


(This is known as the intermediate value theorem) 


Proof: 


Let a, bel and let Қа) (Б). Without loss of generality we assume that f(a)<f(b). 
Let c be such that f(a)«c«f(b). 

The interval I is a connected subset of В. 

oo f(I) is a connected subset of R. 

oo f(I) is an interval. 

Also f(a), f(b) є D. Hence [f(a), f(b)] c f(c) 

oo Cef(I) (since f(a)«c«f(b)) 

oo C = f(c) for some xel. 
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Solved Problem : 


Prove that if f is a non-constant real valued continuous function on R then the 
range of f 1s uncountable. 


Solution : 
We know that R ts connected. 
Since f is a continuous function on R, f(R) is a connected subset of R. 
oo Í(R) 1s an interval in R. 


Also, since f is a non-constant function the interval, f(R) contains more than one 


point. 


oo f(R) is uncountable. i.e., The range of f is uncountable. 


Exercise : 


1. Prove that if ÉR—R is a continuous function which assumes only rational 
values then f is a constant function. 


2: Prove that A = ((x, y)/x2+y2=1} is a connected subset of R2. 
[Hint : Consider f : [0, 27] А given by f(x) = (cos x, sin x)] 


3. Determine whether Q 1s connected or not. 
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REAL ANALYSIS UNIT - 5 


COMPACTNESS 


COMPACT METRIC SPACES 


Definition : 


Let M be a metric space. A family of open sets {G jin M is called an open 
cover for M if UG, = M. | 


A subfamily of {G,} which itself is an open cover is called а subcover. 


A metric space M is said to be compact if every open cover for M has finite 
subcover. 


i.e., for each family of open sets {G,} such that UG,=M, there exist a finite 
n 
| } О Ga; = 
subfamily (Gy > С. УЯ Gy J such that ^ a; = M. 
Example 1 : 
R with usual metric is not compact. 
Proof : 


Consider the family of open intervals {(—n, n)/neN}. 


oc 
This is a family of open sets in R. Clearly U(-n, n)=R 
n= 
oo {(—п, n/neN] is an open cover for К and this open cover has no finite 
subcover. 


so К 15 not compact. 


Example 2: 


(0, 1) with usual metric 1s not compact. 


Proof : 
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earl — ll] = 
У n (0, 1) 


finite subcover. Hence (0, 1) is not compact. 


Example 3: 


[0, со) with usual metric is not compact. 
Proof : 
Consider the.family of intervals ([0, n)/neN} 


oc 
Also A П) = [0, со) 
n= 


oo {[0, nyneN] is an open cover for [0, o») and this open cover has no finite 
subcover. Hence [0, oo) 15 not compact. 


Example 4 : 


Let M be an infinite set with discrete metric. Then M 15 not compact. 


Proof : 


Let xeM. Since M is a discrete metric space {x} is open in M. 
Uix} - 
Also М М. 


Hence {{x}/xeM} is an open cover for М and since М is infinite, this open 
cover has no finite subcover. 


Hence M 15 not compact. 


Theorem 1 : 


Let M be a metric space. Let ACM. A is compact iff given a family of open sets 
{G,} in M such that 0G,24A thre exists a subfamily Ga > С. Boon Gy such that 


n 
U Gaj 2A. 
1-1 
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Proof : 


Let A be a compact subset of M. Let {С} be a family of open sets in M such 
that UG, DA. 


Then (UG, JAA 
oo U(G NA) 


A 
A 


Also G,r^Ais open in A. 
oo The family {G OA} is an open cover for A. 


Since А 15 compact this open cover has a finite subcover, say G, OA, 


“2 Cn 

n 

oo U (Go, A] = A 
1-1 

oo [8 Ga, п = A 
1-1 

n 
oo U Ga; 2) А 


1-1 
Conversely let {H,} be an open cover for A. 
oo Each H, is open in A. 


Н, = G,^A where G, is open in M. 


Now, UH, = A 
oo U(G,^A) = А 
oo (UG, JNA = A 
oo UG 2 A 


a 


go 
pieces. 
С 
C) 
i. 
| — 
x) 
> 
tl 
> 


9o 
Cs 
"e 
g 
au) 
do 
| 
> 


120 


n 
oo U 


Thus iH, EH uos 
oo À is compact. 


Theroem 2: 


Be = 


= А 


Ha? is a finite subcover of the open cover {Н}. 


Any compact subset А of a metric space M is bounded 


Proof : 


Let Xo € А 


Consider (B(x,, n)/neN} 


oc 
Cleraly О В(хо,п) = М 
n= 
оС 
оо U B(xo,n) — A 
n=] 


Since A is compact 


B(x,, n,),....,B(x,, n) such that . 
i 


Let n 
k 

Then U В(хо, ni) 

до B(x,, nj) 


We know that B(x,, n,) 
bounded. Hence A 1s bounded. 


Note : 


0 = 


there exists a finite subfamily say, B(x» n,), 


k 
U В(хо,т) >A 


= В(х,, no) 


A 


lU 


15 a bounded set and a subset of a bounded set is 


The converse of the above theorem is not true. 


For example, (0, 1) is a bounded subset of R. 


But it is not compact. 


Theorem 3 : 


Any compact subset А of a metric space (M, d) is closed. 
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Proof : 
To prove that А is closed we shall prove that АС is open. 
Let ye AC and let xe A. Then x+y 


oo d(x, y) = r0 


l 1 
It can be easily verified that в хт, | Bl ут) = ф. 


1 
Now consider the collection [в хт) / X ea] 


1 
| U Bi x,—r 
Cleary в | 2 E > А. 
Since А is compact there exists a finite number of such open balls say, 


1 1 
af x > Tx) } — А ві Xn > Xn ) such that 


n 1 
Dos Xem di 


n 1 
В| у,—г,. 
Let LA E C 2 3 


Clearly, У, is an open set containing y. 


| 


1 1 1 
Since E». y) B(x n = we have Vyn 19 = for each i=1,2,.....n. 


n 
o V B X,— Ty. T 
|$ | 2 ч) i 
oo VOA = ф (Бу (1) 
о С 
оо Y. C A 

U V | 

со year У = AC and each У, is open. 


< АС is open. Hence A is closed. 
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Note 1 : 

The converse of the above theorem is not true. 

For example, [0, o») is a closed subset of R. But it 1s not compact. 
Note 2 : 


Any compact subset of a metric space is closed and bounded. 


Theorem 4 : 


A closed subspace of a compact metric space is compact. 


Proof : 
Let M be a compact metric space. Let A be a non-empty closed subset of M. 


We claim that À is compact. 


Let {G,/ae]} be a family of open sets in M such that „Оба >A 


oo cU о, | = М 
a el 


Also AC is open. (since À is closed) 


& (G,/a eI) uU (AC) is an open cover for M. Since M is compact it has a finite 


“л? 
oo (0 Ga, рс = M 
1-1 
n 
oo У Gai > А 


oo А 15 compact. 


Exercise : 


1. Show that every finite metric space is compact. 

2. A and B are two compact subsets of a metric space M. Prove that AUB 1s also 
compact. 

3. Give an example of a connected subset of R which is not compact. 

4. Give an example of an open cover which has no finite subcover for the | 


following subsets of R. 


(1) (5,6) (1) (5,9) (ш) [5, œ) (iv) [7, 9). 
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COMPACT SUBSETS OF R 


We know that every compact subset of a metric space is closed and bounded. 
However the converse is not true. For example, consider an infinite discrete metric 
space (M, d). 


Let А be an infinite subset of M. 

Then A 1s bounded since d(x, y)x1 for all x, yeA 

Also А is closed since any subset of a discrete metric space is closed. 
Hence A 15 closed and bounded. 


However A is not compact. 


Theorem 5 : (Heine Borel Theorem) 


Any closed interval [a, b] is a compact subset of R. 


Proof : 


Let {G Joel} be a family of open sets in R such that UFa ala, b] 


Let 5 = (x/x e [a,b] and [a, x]} can be covered by а finite number of Gs- 
Clearly aeS and hence Sz. 

Also S 1s bounded above by b. 

Let c denote the /.u.b. of S. 

Clearly cefa, b]. 

oo ceG, for some a, eI. 

Since Ga, is open, there exists є>0 such that (c—e, Cre)cG, . 
Choose x, є[а, b] such that x,<C and Íx}, c]cG, . 

Now, since x,<C, [a, x,] can be covered by a finite number of G, s. 
These finite number of G, s together with Ga, cover [a, c] 

oo By definition of S, ceS. 

Now, we claim that c=b. 


Suppose czb. 
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Then choose х,є[а, b] such that x,>c and [c, X,ICG, | 

As before, [а, x,] can be covered by a finite number of G, s. 
Hence х,є5. 

But x,>c which is a contradiction, sicne C is the /.u.b. of S. 
oo C=b 

oo [a, b] can be covered by a finite number of G, s. 


oo [a, b] is a compact subset of R. 


Theorem 6 : 


A subset A of R is compact iff A 1s closed and bounded. 


Proof : 
If A is compact then A is closed and bounded. 
Conversely, let А be subset of R which is closed and bounded. 
Since A is bounded we can find a closed interval [a, b] such that Acf[a, b] 
Since А is closed in К, А is closed in [a, b] also. 
Thus А 15 a closed subset of the compact space [a, b]. 


Hence А 1s compact (by theorem (4)). 


Exercise : 


ы Determine which of the following subset of R are compact. 
(1) 2 (п) О (11) [1, 2] 
(1v) (3, 4) (v) [1, 2] .[3, 4] (vi) [1, 3]^1[3, 4] 
1 1 
(vii) ER ылы vin | 
2. If А and B are compact subsets of R prove that Ас\В is also a compact subset of 
R. 


125 


EQUIVALENT CHARACTERISATIONS FOR COMPACTNESS 


Definition : 


A family З of subsets of a set M is said to have the finite intersection 
property if any finite members of 3 have non-empty intersection. 


Example : 


In R the family of closed intervals 3-([-n, n]lneN) has finite intersection 


property. 


Theorem 7 : 


A metric space M is compact iff any family of closed sets with finite 
intersection property has non-empty intersection. 
Proof : 

Suppose M is compact. 

Let (A, be a family of closed subsets of M with finite intersection property. 

We claim that NA, * ф | 

Suppose NA, = $ then (NA,)© = $C. 

oo NA, = M 

Also, since each A, is closed, А, С is open. 

go {А ©} is an open cover for M. 


Since M is compact this open cover has a finite subcover say, А С, A,°,......,A,©. 


n 
oo ОА = М 
j=l 
" C 
оо | Aa] = M 
і=1 
п . 
oo E P = ( which is a contradiction to the finite intersection 
property. 
oo NA, = ф 
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Conversely, suppose that each family of closed sets in M with finite intersection 
property has non empty intersection. 


To prove that M is compact, let {G ael} be an open cover for M. 
o UGg 


оо acl = М 
С 
oo (ов) == MC 
a el 
C 
oo nG = 
ad | * 


Since G, is open, СС is closed for each a. 
oo J = (G, /®є1} is a family of closed sets whose intersection is empty: 


Hence by hypothesis this family of closed sets does not have the finite 
intersection property. 


Hence there exists a finite sub-collection of 3 say {G,°, G,C,....,G, C) such that 


AG" = s. 
i=] 
н C 
co (дв) == ф 
i=] 
oo UG; = M 


oo {G,, G,,......,G,} is a finite subcover of the given open cover. 


Hence M 15 compact. 


Definition : 


A metric space M is said to be totally bounded if for every є>0 there exists a 
finite number of elements x,, X,,....x,€M such that B(x,, e)UB(x,, €)u....)B(x ,€)-M. 


A non-empty subset A of a metric space M is said to be totally bounded if the 
" subspace A is a totally bounded metric space. 


Theorem 8 : 


Any compact metric space is totally bounded. 
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Proof : 
Let M be a compact metric space. Then (B(x, €)/xeM} is an open cover for M. 


Since M is compact this open cover has a finite subcover say B(x,, є), 
B(x,, €),.....,B(x,, є) 


oo M = B(x,, є)‹В(х,, €)U.....UB(x,, є) 


oo M 1s totally bounded. 


Theorem 9: 

Let A be a subset of a metric space M. If A is totally bounded then A is 
bounded. 
Proof : 

Let А be a totally bounded subset of M. Let є>0 be given. 


Then there exists a finite number of points x,, X,,....,X,€ À such that 
B,(x,,€)UB,(x,,€)v.....UB,(x,, €) = A, where B (x, €) is an open ball in A. 


Further we know that an open ball is a bounded set. 

Thus A is the union of a finite number of bounded sets and hence A is bounded. 
Note : 

The converse of the above theorem 15 not true. 

For let M be an infinite set with discrete metric. 

Clearly M 1s bounded. 

Now B(x, 15) = {x} 


Since M is infinite, M cannot be written as the union of a finite number of open 
balls B(x, 12) 


oo M is not toally bounded. . 


Definition : 


Let (x,) be a sequence in a metric space M. Let n,<n,<......<n,<......be an 
increasing sequence of positive integers. Then (x, ) is called a subsequence of (х,). 
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Theorem 10: 


А metric space (M, d) is totally bounded iff every sequence in M has a Cauchy 
subsequence. 


Proof : 
Suppose every sequence in M has a Cauchy subsequence. 
We claim that M 15 totally bounded. 
Let є>0 be given. Choose x,eM. 
If B(x,, €) = M then obviously M is totally bounded. 
If B(x,, €) * M, choose x, € M-B(x,, €) so that d(x,, х,)>є. 
Now, if B(x,, €)UB(x,, є) = M the proof is complete. 
If not choose x, = M-[B(x,, €)UB(x,, є)] and so on. 
Suppose this process does not stop at a finite stage. 
Then we obtain a sequence X}, X,,.....,X_,.... such that d(x , x, ) 2 € if nzm. 


Clearly this sequence (x,) cannot have a Cauchy subsequence which is a 
contradiction. 


Hence the above process stops at a finite stage and we get a finite set of points 
(X, X5,......,X,J such that M = B(x,, e)UB(x,, €e)u......)B(x,, €) 

oo M 15 totally bounded. 

Conversely suppose M is totally bounded. 

Let S, = {X; >» Xi yere Xi ye } be a sequence in M. 

If one term of the sequence 15 infinitely repeated then S, contains a constant 
subsequence which is obviously a Cauchy subsequence. 


Hence we assume that no term of S, is infinitely repeated so that the range of S 
is infinite. 


Now since M is totally bounded M can be covered by a finite number of open 


1 
. balls of radius 2 
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Hence atleast one of these balls must contain an infinite number of terms of the 


sequence S. 


© 5, contains a subsequence S, = (x), Хр prre X a ane ) all terms of which lie 


1 
within an openball of radius 2 


Similarly S, contains a subsequence S, = (x; › X3 ptr X3 эз. ) all terms of 


1 
which lie within an openball of radius 3 
We repeat this process of forming successive subsequence and finally we take 
the diagonal sequence. 
S= (x, > X» per X o UN ) 
We claim that S is a Cauchy subsequence of S. 


1 
If m>n, both x, and x, lie within an open ball of radius —. 
m n n 
о а < 2 
оо (X, Xan) m 


2 
Hence d(x,, > X, ) « є ІЁп, т > p 


This shows that S is a Cauchy subsequence of S,. 


Thus every sequence in M contains a Cauchy subsequence. 


Corollarly : 
А non-empty subset of a totally bounded set is totally bounded. 


Proof : 
Let А be a totally bounded subset of a metric space M. 
Let B be a non-empty subset of A. 
Let (x,) be a sequence in B. 
оо (X_) is a sequence in A. 
Since A is totally bounded (x ) has a Cauchy subsequence. 


Thus every sequence in B has a Cauchy subsequence. 


oo B 1s totally bounded. 
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Definition : 


А metric space M is said to be sequentially compact if every sequence in M 
has a convergent subsequence. 


Theorem 11 : 


Let (x,) be a Cauchy sequence in a metric space M. If (x,) has a subsequence 
(x, ) converging to x, then (x,) converges to x. 


Proof : 


Let є>0 be given. Since (x,) is a Cauchy sequence, there exists a positive 
1 
integer m,, such that. d(x,, x.) < > € for all n, m 2 m, -------(1) 


Also since (x, ) — x, there exists a positive integer m, such that 


d(x, , X) « 2 €foralln2m,  .  ---- (2) 
Let. my = max{m,, m,} and fix n, 2 т. 
Then d(x X) S d(x,, Xn) + d(x,» x) 


< +> for all n > m, (by (1) and (2)) 


= є forall п > mg. 


Hence (х) > x. 


Theorem 12 : 
In a metric space M the following are equivalent. 
(1) M 1s compact. 
(ii) Any infinite subset of M has a limit point. 
(1) М is sequentially compact. 
(ivy) Mis totally bounded and complete. 
Proof : 
(1) = (ii) 
Let A be an infinite subset of M. 


Suppose A has no limit point in M. 
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Let xeM 


Since x is not a limit point of À there exists an open ball B(x, т„) such that 
B(x, r)^(A-1xj) ф 
NI ifxeA 


co B(x, r)rA = ф ifx ZA 


Now, {В(х, r )/x EM} is open cover for M. Also each B(x, r,) covers atmost one 
point of the infinite set A. 


Hence this open cover cannot have a finite subcover which is a contradiction to (1). 


Hence A has atleast one limit point. 


(ii) => (iii). Let (x,) be a sequence in M. If one term of the sequence is infinitely 
repeated then (x,) contains a constant subsequence which is convergent. 


Otherwise (x,) has an infinite number of terms. By hypothesis this infinite set 
has a limit point, say x. 


For any r>0, the open ball B(x, т) contains infinite number of terms of the 


sequence (x, ). 


Choose a positive integer n, such that x,, €B(x, 1). Then choose n,>n, such that 


X4, € 32) 


In general for each positive integer К choose n, such that п >п, , and 


1 
В| x,— 


Clearly (X, is a subsequence of (x, ). 


oo Xag) — X 


Thus (x, ) is a convergent subsequence of (x,). Hence M is sequentially 
compact. 


(11) => (iv) 
By hypothesis every sequence in M has a convergent subsequence. But every 
convergent sequence is a Cauchy sequence. 
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Thus every sequence in M has a Cauchy subsequence. 

By theorem (10), M is totally bounded. 

Now we prove that M is complete. 

Let (х„) be a Cauchy sequence in M. 

c» By hypothesis (x,) contains a convergent subsequence (x, 
Let (x, — х (say) 

Then (x,) — x (by theorem (11)) 

oo M is complete. 

(iv) => (1) 

Suppose М 15 not compact. 


Then there exists an open cover {G,} for M which has no finite subcover. 


Let po jn 


Since M is totally bounded, M can be covered by a finite number of open balls 


of radius ro 


Since M cannot be covered by a finite of G,s atleast one of these open balls, 


say B(x,, r,) cannot be covered by a finite number of G,'s. 


Now B(x,, r,) is totally bounded. 


Hence we can find x,¢€B(x,, r,) such that B(x,, r,) cannot be covered by a finite 


number of G,'s. 


Proceeding like this we obtain a sequence (x,) in M such that B(x,, г) cannot 


be covered by a finite number of G,'s and x,,,¢B(x,, т) for all n. 
Now, d(x,, X, +p) < d(x, x ,,)*d(x, p Xuat d(x, жй Ха - 
< rq 
1 1 } 
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NN TN 5) 
= Ad 2*7 


1 
21-1 





< 
eo (х) 1s a Cauchy sequence in M. 
Since M is complete there exists xeM such that (x, )xXx. 


Now, xeG, for some a. 


Since G, is open we can find є>0 such that B(x, є) c G, --——- (1) 


1 
We have (x )—x and (г) = (= ovo 
Hence we can find a positive integer n, such that 


1 
d(x» x) < 5€ 


1 
and г < 2 © for all n 2 П). 
Now fix п > n, 


We claim that B(x,,r,) c B(x, є) 


Let y є B(x,r,) 
o 1 а 
oo dy x) < г < z © (since n2n,) 
Now d(y, х) < (у, x,)*d(x,, x) 

"E cm н 

2 Є+-є = є 

oo y € B(x, €) 
oo B(x,r) с B(x, e)cG, (by (1)) 


Thus B(x,, г) is covered by the single set G, which is a contradiction since 
B(x» r,) cannot be covered by a finite number of G,'s. 


Hence M is compact. 
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Theorem 13 : 


R with usual metric is complete. 


Proof : 


Let (x,) be a Cauchy sequence in R. Then (x,) is a bounded sequence and hence 
is contained in a closed interval [a, b]. 


Now [a, b] is compact and hence is complete. 


Hence (x,) converges to some point xe[a, b]. Thus every Cauchy sequence (x,) 
in R converges to some point x in R and hence R is complete. 


Solved Problems : 


Problem 1: 


Give an example of a closed and bounded subset of /, which is not compact. 


Solution : 
Consider 0 = (0, 0, 0, ......... el, 
Consider the closed ball B[O, 1] 
Clearly В[0, 1] is a closed set. 
We claim that B[0, 1] is not compact. 
Consider e, = (1, 0, 0,....); e, = (0, 1, 0,....);....... e = (0, 0, 0,....,1,0,.....) 
Now, d(0, e.) = 1 and hence e, € B[O, 1] for all n. 
Thus (e,) is a sequence in В[0, 1] | 
Also d(e е.) = J/2 if nzm | 
Hence the sequence (e,) does not contain a Cauchy subsequence. 
c» B[0, 1] is not totally bounded. 
oo В[0, 1] 1s not compact. 
Problem 2 : 


Prove that any totally bounded metric space 15 separable. 
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Solution : 


Let M be a totally bounded metric space. 


» 


б nx, ] EM 5 i 0 ^ (1) 


i=l 


For each natural number n let A, = ix, , x 
1 n 


oC 
Let A = UAn 


Since each A, is finite, A is a countable subset of M. 
We claim that A 1s dense in M. 


Let B(x, €) be any open ball. 


1 
Choose a natural number n such that —<є. 


Now, X € В| ха, =) for some 1 (by (1)). 
до (х.х) < : < є 
i n 
oo (x,) € B(x, є) 
до B(x, є) ^ А =ф. 


Thus every open ball in M has non-empty intersection with A. Hence À is dense 
in M. Thus А is a countable dense subset of M. Hence M is separable. 


Problem 3 : 


Prove that any bounded sequence in R has a convergent subsequence. 


Solution : 


Let (x,) be a bounded sequence in К. Then there exists a closed interval (a, b] 


such that x, є[а, b] for all n. 
Thus (x,) is a sequence in the compact metric space [a,b]. 


Hence by theorem (12), (x,) has a convergent sub-sequence. 
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Problem 4 : 
Prove that the closure of a totally bounded set is totally bounded. 
Solution : 


Let А be a totally bounded subset of a metric space M. 


We claim that А is totally bounded. 


We show that every sequence in À contains a Cauchy subsequence. 


Let (x,) be a sequence in A. 


Let €»0 be given. 


e 1 
Then since х eA, В| хз e)na © ф. 
1 
Choose y, € Bf хз е} А 


s dyp x) < Фе (1) 


(y,) is a sequence in A. Since A is totally bounded (y,) contains a Cauchy 
sequence say (y, ). 


Hence there exists a natural number m such that 


1 
d(y,,. Y») < 3¢ for all n, nzm 4 === (2) 
oo < 
dx,» Xy) < dO. Ya AY n Ya) AO a Xn) 
1 1 1] п 
< 36+36+56 =e for all n, n > т бу (1) and (2). 


Непсе (х) is а Cauchy subsequence of (x, ). 


c» A is totally bounded. 
Problem 5 : 

Let A be a totally bounded subset of R. Prove that À is compact. 
Solution : 

Since А is totally bounded А is also totally bounded. 
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Also since А is a closed subset of R and R is complete А is complete. 
Hence А is totally bounded and complete. 


æ А is compact. 


Exercise : 


l. Let M be a complete metric space. Prove that a closed subset A of M is compact 
iff A 1s totally bounded. 


Prove that a compact metric space is separable. 
Prove that a connected subset of a discrete metric space M 1s compact. 


Give an example of a complete metric space which is not compact. 


ae о 5 


Prove that any Cauchy sequence in a metric space 1s totally bounded. 


COMPACTNESS AND CONTINUITY 


Theorem 14 : 

Let f be a continuous mapping from a compact metric space M, to any metric 
space M,. Then f(M,) is compact. i.e., continuous image of a compact metric space is 
compact. 

Proof : 


Without loss of generality we assume that f(M,) = M, 


Геї {G,} be a family of open sets in M, such that AG, = M.. 


oo UG, = f(M |) 
до E (UG, ) = M i 
оо Uf! (G o) - M, 


Also since f is continuous f^! (G,) is open in M, for each a. 


so {f '(G_)} is an open cover for M,. 


E n 
dV f (à бм) = M, 
i=] 
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n 
æ Ч Gaj = fM) = M, 


1=1 


oo G, > Gape Ga, is a cover for M,. Thus the given open cover (G,j for M, 


has a finite subcover. 
с M, is compact. 
Corolarly 1: 


Let f be a continuous map from a compact metric space M, into any metric М,. 
Then f(M,) is closed and bounded. 


Proof : 


f(M,) is compact and hence is closed and bounded. 


Corollary 2 : 


Any continuous real valued function f defined on a compact metric space 1s 
bounded and attains its bounds. 


Proof : 
Let M be a compact metric space. 


Let f:M—R be a continuous real valued function. Then f(M) is a compact subset 
of R. 


do f(M) is a closed and bounded subset of R. 

Since f(M) is bounded f is a bounded function. 

Let a = /.u.b of f(M) and b = g..b. of f(M). 

By definition of /.u.b. and g.l.b. a, bef(M) 

But f(M) is closed. Hence КМ) = f(M) 

oo a, b e f(M) 

до There exist x, y є M such that f(x) = a and f(y) = b. 


Hence f attains its bounds. 
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Note : 


Corollary (2) is not true if M is not compact. 


1 
The function f:(0, 1)—>К defined by f(x) = 2 is continuous but not bounded. 


The function g : (0, 1)—R defined by g(x) = x is bounded having /.u.b = 1 and 
g.l.b. = 0. However this function never attains these bounds at any point in (0, 1). 


Theorem 15: 


Any continuous mapping f defined on a compact metric space (M,, d,) into any 
other metric space (М,, d.) is uniformly continuous on M,. 


Proof : 
Let є>0 be given. Let xeM,. 


Since f is continuuos at x there exists 6, > 0 such that 


1 
б (У, х)<б, => ау), £x) е 4 (1) 


і | : 
The family of open balls {3( 35] / = м is an open cover for M,. 


Since M, is compact this open cover has a finite subcover say 


1 1 
В| x1.585 bs B xn,55 | 


. fl ] 
Let 6 = min [75.255 | 
We claim that d,(p, q)«6 => d (fp), f(q))<e. 


] | | 
Let P TURIN for some 1 where 1<isn. 


2 
> 1 
ео di(p, X.) = 5 OX 
1 
ш d,(f(p), f) < уе уа) ee Q) 
Now, d(q,x) = d (q, p)*d,(p. xj) 
1 


140 


1 1 


< 2 tz = Ox 
Thus di(q, x) < б, 
1 
oe 4069), (x) < зе фа) ee (3) 


I^ 


d,(f(p), f(q)) < d (fp), f(x))*d;(f(xj), #9)) 


< lerle-e (by (2) and (3)) 
Thus d(p,.q)<5 = 4d,(f(p), #9))<є. 


This proves that f is uniformly continuous on M,. 
Note : The above theorem is not true if M, 1s not compact. 
Theorem 16: 


Let f be a 1-1 continuous function from a compact metric space M, onto any 
metric space M,. Then f' is continuous on M». Hence f is a homeomorphism from M, 
onto M,. 


Proof : 


We shall show that f-! is continuous by proving that F is a closed set in 
M, = (f) (F) = f(F)is a closed set in M}. 


Let F be a closed set in M,. 

Since M, is compact F is compact. 

Since f is continuous f(F) is a compact subset of M,. 
oo f(F) is a closed subset of М... 


съ f! is continuous on M,. - 
Solved Problems : 


Problems 1 : 


Prove that the range of a continuous real valued function f on a compact 
connected metric space M must be either a single point or a closed and bounded 
interval. 
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Solution : 
Let f: МЭВ be a continuous function. 
Case (i) : 
Suppose f is a constant function. Then the range of f is a single point. 


Case (ii) : 


Suppose f is not a constant function. Then the range of f contains more than one 


point. Since M is connected f(M) is a connected subset of R. 
oo f(M) is an interval in R. 
Also since M is compact and f is кошпош 
f(M) is a compact subset of К. 
c» f(M) is a closed and bounded subset of R. 


Thus f(M) is a closed and bounded interval of R. 


Problem 2 : 


Prove that any continuous function f:[a, b]—R is not onto. 


Solution : 


Suppose f is onto. Then f([a, b]) = К. Since [a, b] is compact and f is 
continuous, f([a, b])-R is compact which is a contradiction. 


oo f 1s not onto. 


Exercise : 


l. Prove that any continuous function from a compact metric space to any other 


metric space is a closed map. 
2. Does there exist a continuous function f from [a, b] onto (a, b)? 


3. Prove that any continuous function defined сп a closed interval [a, b] 15 
bounded and attains its bounds and also prove that f is uniformly continuous. 
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COMPLEX ANALYSIS UNIT - 6 - 


COMPLEX NUMBERS 


We observe that in the real number system the equation х2+1 = 0 has no 
solution. This leads to the definition of complex numbers in which equations of the 
form х2+а=0 where а>0, have solutions. 


Definition : 


A complex number Z is of the form х+іу where x and у are real numbers and i 
an imaginary unit with the property i? = —1. x and y are called the real and imaginary 
parts of z and we write x = Re z and y = Im z. 


If x = 0 the complex number z is called purely imaginary. If y = 0 then z is real. 


Two complex numbers are said to be equal if and only if they have the same real 
parts and the same imaginary parts. 


Let C denote the set of all. complex numbers. Thus C = {x+iy/x,yeR} 


The complex number x-1y is said to be the conjugate of x+y. 


ALGEBRAIC OPERATIONS 
Complex numbers are assumed to obey the following laws of Algebra. 
1. Addition : 
Zi Z, = (xyHiy;)*t(x;tiy;) = (хү+х,)+ц(у|+у,) 
2. Subtraction : 
21—23 = (хү+їу)—(х,+нїу„) = G5-x,)H(y,7y;) 
We note that 
2+2, = (xtiy) + (x—iy) = 2x 


2—7. = (х+іу)-(х-іу) = 2iy 








Z+Z 

so that х = Rez = 5 
a 2—7. 

= 7 = я 

y 21 
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3. Multiplication : 


212) = tiy (xy) 
= xjyxyhixytixyy,ti^y,y, 
= (xX y yti yxy) C 1? = -1) 
zz = (х+у)(х-їу) = х?+у?° 
4. Division 
21 _ xı +1у| _ (хү --iyj) (x2 ~iy2) | 
27 хә +1у2 (x2 +іу2 (x2 —iy2) 
(xi + iy1)(x2 —iy2) 
T X*Y 
(х1х2 + уруг) + i(x2y1 – xiy2) 
и х5 + y 
Results : 
1 S--1, B=- if=1, i"-1, ("!-i (i221, (i"?-.i. 
2. If z, and z, are two complex numbers, then 
(i) z1 +z2 = 21+ 22 
(ii) 2129 = zi 22 
3. 7 = z iff z is real and 2 = —z iff z is imaginary. 


If the coefficients in a polynomial equation аге real, then its complex roots form 


pairs of complex conjugate. 
Worked Examples : | 


Example 1 : 


Express the following in the form (а+16) 











os 2-i 
a), p, Orza OF 

1 Е 2—21 1-1 
(а) 2+21 4+4 4 


(b) _—1_ -(2i)) -(142j) — 1 2i 





1—21 1+4 5 5 5 
(c) 2-1 _ (2~i)(3-2i) _ (6-2)-i(3+4) 
34+ 21 9+4 13 


Example 2 : 


Show that if the equation 22+02+В = 0 has a pair of complex conjugate roots, 
then a and В are both real and a?«4f. 


Solution : 


Let Z, = xitiy, be a root. 

Then z} = X,-1y, is also a root. 

So, Z,7+az, +B = 0 -------(1) 
and z^«az«p^ 90 »—»—»"; aa (2) 


(1) - (2) 2 zf -z? «a(zj -z)) = 0 


a-a — (a*aa-z) 
21—21 21—71 


—(2] +21) = —2X,. 


(1) + (2) 2 212 +212 +0(21+ 21) +28 = 0 
i.e., (x, tiy,)?+(x,—iy,)?-2x (2x ,)+2B = 0 
Le, 2x,^—2y/?-4x,-2p 0 


i.e., p = xy? 
о —-2x, В = x,?ry,? => a and f are real. 
a*-4B = 4x,?-(4x,7+4y,7) 
= 4у2<0 


i.e., a? < Af. 
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Example 3 : 


The sum and the product of two complex numbers are real. Show that the two 
numbers are either both real or complex conjugates. 


Solution : 


Let z, = a+ib, z, = с+ій be the two complex numbers. 


Z,+Z, = (atc)+i(b+d) 
Z,Z, = (ac—bd)+i(ad+bc) 
Z,+z, = real => + = 0, i.e., = -d 
ZZ, = real => adtbc = 0 
l.e., ad-cd = 0 (-b--d) 
1.е., (a-c)d = 0 


Фо d = О ога-с = 0 і.е., а = с 

If d = 0, b = 0 and so, the two numbers аге real 
If a = c then b = —d gives 

2, = atib, 2, = a-ib 


i.e., z, and z, are complex conjugates. 


MODULUS AND AMPLITUDE OF A COMPLEX NUMBER 


If z = х+іу, then 22=х2+у? is a positive real number. 


We define the modulus or the absolute value of a complex number z to be the 


non negative real number ^ x? + у?) and denote it as |z]. 
ie., z| = |xtiyl = x2 +y? = Jzz 


Note : 
If z is real, i.e., if Im z = y = 0 so that z = x, |z| = н 87 non negative square root 


of x?. 
| = xifx20 
= -xifx <0 
" a X * Ү 
The angle Ө satisfying the equation cos 0 = [2 sin Ө “Tal ------- (А) 


is defined as the argument ог the amplitude of the complex number 2. 
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We know that if Ө is a solution (2nz40) is also a solution for every integer n. 
Thus there are infinite number of solutions to the above equation (A). The value of Ө 
satisfying the inequality —xx0zm is called the principal value of the argument and 
(2пл+Ө) its general value. 


Note 1 : 


If z is real, i.e., if z = x and y = 0 then the principal value of the argument of z 
is 0 огл according as X is positive or negative. 


If z is imaginary, i.e., if 2 = iy and x = 0 then the principal value of the 
argument of 2 is (+ 7/2) according as y is positive or negative. 


Note 2 : 


X 
If for z = x+y, |2|= r and Ө is teh argument, then 7 = сов Ө, : = sin Ө 


So z = xtiy=rcos Ө + ir sin Ө 
= 1(соѕ Ө + 1-sin Ө) 
called the polar form of the complex number. 
= rcis@ —aconvenient notation 


= re? . Euler's notation. 


Example : 


Find the moduli and principal values of arguments of the following complex 
numbers. 


(i) 2 = qe 
А = 4193 =2 


Cos Ө = Z, 
Sin Ө = = 
& Ө = 5 
до Iz} = 2, arg z= 


pem 
A 
з 


(11) | z= 1 
co z| = 1 
Cos8 = 1, sinO = 0 
co Ө = QO. 
oo z| = i,argz=0 
(111) | Z = -i 
oo |21 = 
Соз Ө О 
sinO = —1 
< Ө = —-n/2 
izi 1 
arg z = —n/2 
(iv) | 2 = 243i-2 
l| = 1294 = 
соѕ Ө = -2..-l sine = 22 „33 
Tt 2T 
T к= к= 
z| = 4, 
27 
агр 2 = —— 


PROPERTIES OF MODULUS OF A COMPLEX NUMBER 


Result 1 : 

If z, z,, z, are any three complex numbers then 
(1) -z| = |2] 
Gi) — [z| |z] 


(iii) zz = |22 
(iv) IZ, Z| = Izil Iz, 
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Proof of (iv) Iz, z^ = (z122)(z122) 
= (2122021 22) 
= (2121)(22 22) 
= iz Ir 
oo Iz, Z,1 = [21| 12| 
Corollary : 
| z| lal 
(1) Z2 = |25) 
(11) Е: 55и Z| = lzillzj......-Iz 
z| = iz 
Result 2 : 


If z, Z,, z, are any three complex numbers 
(1) —|z| € Re 2 < iz] 
Gi  -lz| < Im z < |z| 


(пп) |21 < JRe z| + |Im z| 


Gv) = _|z,+z,| < |z +z] 
(v) |Z; —Z>l 2 12.1121 
Proof : 


Let z = xtiy, Z, = x,tiy,, 2, = х,+іу, 


(i) а = 4x2 +y? Re 2 = х, По 2 = у 
С1еагіу -y x? +у2 < х < 4x? +y? 
(11) Also = x? + y? < у < А x? + y? 
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(iii) 
oo 
1.€., 
(iv) 
oo 
(v) 
1.e., 
1.€., 
Hence 


Corollary : 


(Ix|-HyD? 


EF 


|2 

Iz, +z? 
Iz, zl 
izl 

iz 1 iz] 
[zl 
Iz5l-Hz, | 
iz, IHz;ll 


iz, +z,+....+z, | 


| 


IA 


lA 


lA 


lA 


IA 


Ix? Hy =+ 2Ixilyl 
х2+у2+2|х||уј 
х2+у2 

Ix Hy 

[Ке z|+|Im zl 


(z1 +22 )(21 + 22) 
(21 + 22 )(21 +22) 


(2121 + 2222) +(z1Z2 + 7172) 


(Iz zo) - 2 Re(ziz2) 


Iz +1221 +212122] by (1) 
lz +z "^ *2lz, liz, 
(iz 1+{2,[)° 

iz +12 
I(z,—z2)*z,l 
|z,-z,|+|z,| 

|2: —2:,| 

Iz;—z, zl 
|2›—271[+|2,| 
|Z,—Z5|+|Z, | 

|2:,—2.,| 


|#,—7.] 
jz [+ 1z,}+...... +|z_ i 
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PROPERTIES OF ARGUMENTS OF A COMPLEX NUMBER 


Result 1 : 
ü arg z = -argz 
(11) arg 2, 2, = arg 2, t arg 2, 
Proof : | 
(1) Let z = r(cos Ө +i sin Ө) 
Then z = r(cos0 – і sin Ө) 
= r(cos (Ө) + i sin (-9)) 
So arg z = -0- _arg Z. 
(i1) Let Z, = 1,(cos Ө, +i sin Ө.) 
Z, = r,(cos 0, +i sin Ө) 
Z,Z = гүгу(сов 0, +i sin 0,)(cos Ө, + i sin Ө,) 
= rjrj(cos Ө, cos Ө, — sin Ө, sin Ө,)] 
+ i(cas Ө, + sin Ө, + sin Ө, cos 9,)] 
= r,r,[cos(®, + 0,)+i sin (0,*0,)] 
Hence arg 2,2, = Ө, +0, =argz,+ шр 2., 


We note that we may have to add 2т to L.H.S. 1f necessary. 
Corollary : 
arg (Z, Z,....... z)t2nn = arg zZ, + arg 2, +...... + arg z, for a suitable n. 


Result 2 : 


If z, z,, 2, are complex numbers, then 


(1) arg > = —arg Z 
m Zi 
(ii) arg т) = arg 2, — arg 2, 
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Proof : 


(1) Let 2 = 1(соѕ Ө +i sin Ө) 
1 1 1 
z 1соѕӨ +іѕіпӨ) ~ (9000 —1 nnd) 
1 
= = —0)- i sin( —0 
- [соз(—Ө)+1 sin( )| 
oo | arg "do (-9) = -arg 2. 
+ Ld arg 21 + arg Е Я 
(11) arg z) ^ 1 22 
= arg Zz, — агр z, 
MEM NN - 
Note : рудите ^ cos 0 — 1 sin Ө 


Result 3 : De Moiore's Theorem 
(1) For any integer n, (cos Ө + i sin 0)" = cos nO + i sin nO 


(п) Cos n0 + i sin nO is one of the values of (cos Ө + i sin Ө)" for a rational 
number n. 


Note : 


1, ©, 02,......,0"! are n roots of 1 where 


. AN 
© = С15— 
n - 


‚ 2n y. 
о" = (25) = cis 2x = 1 





Example 1: 


Evaluate (i)!” 


T .. X . Xx 
lcos—+isin— = cis— 
2 2 2 


а 
| 
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2Km 4 
()7 = cis — — for K — 0, 1, 2, 3, 4, 5, 6. 


„т . эл . On . 13л . 17n . 2x . 250R 
CIS — , CIS — , CIS—— , cis ———, cis——, cis——, cis —— 
14 14 14 14 14 14 14 


Example 2 : 
Show that 


12 +122) 


Iz, +z,|*+\z,—-z,|? 


Proof : 


21+2,921—2,? = (zezXz-z2)*(z-z2)Yz1-zz) 


(zi + zzzi +22) + (zi -z2)(Z1 - z2) 


(2121 + z222) * (z12z2 + Ziz2) + (z1z1 + z2z7) 





-(ziz2 + ziz2) 
= (laf +22”) | 
Ехатр!е 3: 
a-b 
If one of |а| and jb] is equal to 1, show that ia| 1. 
Proof : 
a-b? _ þ-bÊ —(a-bya-5) 
1—ab |i-ab? —(1-ab)(1—ab) 








aa + bb —ab —ab 

1+ aabb — ab — ab 
la? +b? —(ab + ab) 
1+|al* |b —(ab + ab) 
If |aj or |b] is equal to 1, 

a-b[ 
1—ab 
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| Example 4 : 
Show that 


(1-4 zř (14 2) 


(1- 2122)(1— 2122) — (a - Z2)(21 - 22) 


[1 — 21 z| — zi — zl 


1 -zzl — |21 — 22] 


(1— 2122 — 2422 + 21212222) 


-(zizi — 2122 — 2122 + 7222) 


1—|2, ?-z,|*+]z 1 212,2 


| (1—2, ?)(1-|z,|7) 


EQUATION OF STRAIGHT LINE 


Let A, B, P be the points in the complex plane representing the complex 
numbers a, b, z respectively. Then the complex number z-a, z—b are represented by the 


vectors АР and BP respectively. & The principal value of "3 gives the angle 





between the line segment AP and BP taken in the appropriate sense. 





Z—a 
If z, a, b are collinear then "23 = 0 огл. 


Z-a . 
do 1s real. 
b 

















А os * Ga 

^ cH 

& —(z-ayfz-b)-(z-b)z-a) = 0 
(a-b)z-(a-b)z-(ab-ab) = 0 

& (a—b)z—(a—b)z+2i аб) = 0 

& i(a-b)z-i(a-b)z-21m(ab) = 0 


This equation is of the form az-- az 4 [f = 0 where a + 0 and f is real. 
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Any equation of the above form represents a straight line. This can be easily 
seen by changing the above equation into cartesian form. æ The general equationof a 
straight line is given by az+az+ p = 0 where a + 0 and ф is real. 


Theorem 1 : 


Equation of the line joining a and b is (a —b)z-- (b—a)z-- (ab — ab) = 0. 


Theorem 2 : 


If a and b are two distinct complex numbers where b<0, then the equation 
z = attb where t is a real parameter represents a straight line passing through a point a 
and parallel to b. 


Proof : 
Let z be any point on the line passing through a and parallel to b. 
The vectors represented by z—a and b are parallel. 
Hence z-a = tb for some real number t. 


co Z = attb, which is the equation of the required straight line. 


Definition : 


Two points P and О are called reflection points for a given straight line / iff / is 
the perpendicular bisector of the segment PQ. 


Theorem 3 :. 


| The points z, and z, are reflection points for the line az+az+ß = 0 iff 
azı +029 +В = 0. 


Proof : 


Let z, and z, be reflection points for the straight line az+az+B = 0 -------- (1) 


oo For any point z on the line we have 


lz-z,| = |2—7.| 
оо |2—7||? = |2—7.,|^ 
^ (z-aYz-4) = (z-22 2-23) 


% z(Z2 - Z1) +2(z2 — 24) + zizi — 2272 


| 
e 

] 

1 

i 

І 

t 

t 

j 

i 
^^“ 
ho 
М 
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Since the equation is true for any point z on the given line it must be regarded 
as the equation of the given line. 


oo From (1) and (2) we get 


a q B 








2-4 — %-% aza-zz < (88У) 


4 а = K(zo - 21); а = К(22 - z1) and В = K(zizj – 2222) 


% azy+a7z2+B = Kla(z2-z1)*z2(za -zi) (zi - 2222) 
= 0 
Conversely, suppose azj-caz; +B =O . —  -—— (3) 


Subtracting (3) from (1) we get a(z-z1)- a(z-z5) =0 


i.e., a(z—z,) = -oa(z-z2) 
oo lai |z – 21 = le|[z — 22) 
oo [2—7.,| == |z- 22| 


| 


[2—72| = |z-z,| for any point z on the given line. 
со Z, and z, are reflection points for the line (1). 
GENERAL EQUATION OF CIRCLES 
Equation of the circle with centre a and radius г is given by |z-a| = г. 
i.e., (z-a(z-a) = r? 
i.e., ZzZ- aZ—az4aa-r^ =0 
This equation is of the form zz-- az taz = 0 where В is a real number. 


Any equation of the above form can be rewritten as |х+а]2 = ао – and hence 


represent a circle provided aa—B>0. 


Thus the general equation of a circle is given by zz+az+az+ß = 0 where p is 


real and аа — f 0. 
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Definition : 
Two points P and Q are said to be inverse points with respect to a circle with 
centre O and radius r if Q lies on the ray OP and OP. ОО = г2. 
Theorem 4: 
z; and z, аге inverse pionts with respect to a circle zz+az+az+ß = 0 iff 
7172 +021 +072 +В = 0. 
Proof : 
Suppose z, and z, are inverse points with respect to the circle 
ZZ+azt+azt+B = 0 2 eee (1) 
(1) can be rewritten as |z*a[? = аа — В 
so The centre of the circle is —a and radius is (оа – В). 
Since 2, and z, are inverse points with respect to (1) we have 
arg(z,ta) = arg(z,tad) | .— | | ceee (2) 


and lz^e|lztoa|- aa-B | | | |  ----- (3) 


c  arg(zı+a)(z2 +a) arg(z; + &.) + arg(z2 +a) 
= arg(zi t a) = arg(zo T a) 


0 by (2) 


® (z; + a)(z2 +a) is a positive real number 
Hence using (3) we get (zı +a)(z2 +a) = aa-p. 
(o 2122 +02] +029 +В = 0 | 
Converse can be similarly proved. 

Note 1 : 


Let z,, Z,, 7; and z, be four distinct points which are either concyclic or 
collinear. 


(zi 23)(22 —z4) 


Then ате (21 wy (22 =z) is either 0 or x depending on the relative positions of 


the points. 
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(21 – 23 (22 — 24) 


Непсе is purely real. 
(zi-zaY(z2 -z3) ^ PYSY 
Note 2 : 
The equation pzz+azt+az+B =O wren (1) 


where p and В are real and aa — pf > 0 can be taken as the joint equation of the family 
of circles and straight lines. 


When p + 0 it represents a circle. 
When p = 0 it represents a straight line. 


Further z, and z, are inverse points or reflection points w.r.t. (1) iff 


pZ1Z2 +021 +427 +В = 0. 
Worked Examples : 
Example 1 : 


| 2—2] 
Prove that the equation " 











же ^ À where A is a non negative parameter 


represents a family of circles such that z, and z, are inverse points for every memberof 
the family. 








Solution : 
euer. 
z-z25| 
z-z | 2-20) 
(Ex E3]- 
— (1-27 zz (zz -21)2+(2222 -21)2+{217] - X222) =O ae (1) 


oo (1) represents a circle when А = 1. 
Using theorem (4) it can be verified that z, and z, are inverse points w.r.t. (1). 


When à = 1, the given equation represents a straight line which is the 
perpendicular bisector of the line segment Joining z, and z,. 


Clearly z, and z, are reflections points for this line. 
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Example 2 : 





Z—a | 
Prove that are Z= = р where p is a real parameter, represents a familyof 


circles every member of which passes thruogh a and b. 
Solution : 


z—a 
2—0 
angle between the lines joining a to 2 and b to z 1s p. 





For any fixed value yp, are | = ц is the locus of a point z such that the 


Clearly this locus is the arc of a circle passing through a and b. The-remaining 
z—a 


2-а. = pin. Hence the result 


part of the circle is represented by the equation arel 


follows. 


Exercise : 


l. Find one value of arg z where z = Б 

2. Show that the inverse point of any point a with respect to the unit circle |z| = 1 
is 1/a. 

3. Find the inverse point of -i with respect to the circle 2zz+(i- 1)z—(i+1)z = 0. 

4. Find the equation of the circle passing through the points 1, i, 1+1. 


Prove that the equation of the circle passing through three points z,, Z}, Z} iS 
given by 


(z-z)y (35-22) (z-z)z3-z2) 
(z-z2(z3-2)) (2—72)(73—71) 


(z- zi (za - 22) 


Hint : If z 15 any point on the circle then (z— э (za —zi) is purely real. 
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COMPLEX ANALYSIS UNIT - 7 


ANALYTIC FUNCTIONS 


We know that the distance between two points z, and z, in the complex plane is 
[z,-z,]. Hence the set C of complex numbers becomes a metric space with the metric d 
defined by d(z,, z,) = |z,-z,|. So we can talk about neighbourhood, interior point, open 
set, closed set, limit point, connected set etc. in the complex plane. 


Definition : 


Let z, be any complex number. Let € be a positive real number. Then the set of 
all points z satisfying |z-zj|«€ is called a neighbourhood of z, and is represented by 
N- (Zo) or S(z,. €). 


& № (20) = (zllz-z«e) 


Note : 

lz-z)| < є represents the set of points on and inside the circle with centre z) and 
radius є and is called the closed circular disc with centre zy and radius e. 
Definition : 


Let ScC. Let z €S. Then z, is said to be an interior point of S if there exists a 
neighbourhood № (z,) such that № (zy)c S. 


S is called an open set if every point of S 15 an interior point of S. 


Definition : 


Let ScC. Let z,¢C. Then 2, is called a limit point of S if every neighbourhood 
of z, contain infinitely many points of S. 


S is called a closed set if it contains all its limit points. 


Definition : 


Let ScC. Let z;€C. Then z, is called a boundary point of S if z, is a limit 
point of both S and C-S. Thus z, is a boundary point of S iff evry neighbourhood of Zo 
contains infinitely many pionts of S and infinitely many points of C—S. 
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Definition : 


Let ScC. Then S is called a bounded set if there exists a real number K such 
that |2|<К for all zeS. 


Definition : 


Let ScC. Then S is called a connected set if every pair of points in S can be 
joined by a polygon which lies in S. 


Definition : 


A non empty open connected subset of C is called a region in C. 


Functions of a complex variable : 


We use the letters z and o to denote complex variables. Thus to denote a 
complex valued function of а complex variable we use the notation w = f(z). 


The function w = 1z+3 is defined in the entire complex plane. 





| .] 
The function w = 75 | is defined at all points of the complex plane except at 
Е | 


Z = 41. 


The function w = |z| is defined in the entire complex plane and this is a real 
valued function of the complex variable z. 


If ay, a,, а,,.....,а, are complex constants the function P(z) = ajta,z-....*a Z" is 
defined in the entire complex plane and is called a polynomial in z. If P(z) and Q(z) 





Z | 
are polynomials the quotient Q(z) 15 called a rational function and it 1s defined for all 
z wtih Q(z) # 0. 

The function f(z) = x++y*+i(x?+y’) is defined over the entire complex plane. 


In general if u(x, y) and v(x, y) are real valued functions of two variables both 
defined on a region S of the complex plane then 


f(z) = u(x, y)iv(x,y) is a complex valued function defined on S. 


Conversely each complex function w=f(z) can be put in the form w=f(z) = 
u(x,y)+iv(x,y) where u and v are real valued functions of the real variables x and 
y.u(x,y) is called the real part and v(x,y) is called the imaginary part of the function 


f(z). 
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For example f(z) = z* =(xtiy) 
= (x?-y’)+i(2xy) so that 
u(x, y) x х?—у? 

апа у(х,у) = 2ху 
Limits 

Let w — f(z) be a function defined in some region containing a point z, except at 
the point z,. As z approaches z, the value f(z) of the function is arbitrarily close to a 
complex number /. Then we say that the limit of the function f(z) as z approaches z, 15 /. 
Definition : 


A function w=f(z) is said to have the limit / as z tends to z, if given €»0 there 


exists 670 such that 0<|z—z,|<6 => |{2)-Д<є. We write 


Lemma : 
When the limit of a function f(z) exists as z tends to z, then the limit has a 


unique value. 


Proof : 


Lt f(z) 


Z0 has two values /, and /,. Then given є>0 there exists 6, 


Suppose that 


€ 
and 6,>0 such that 0<|z—z,|<6, => [f(z)-/,| < > and 0<|z—z,|<5, => |f(z)-/,| < E 


Let 6 =min{6,, ӧ,} 


If 0<|z—z,|<6 we have 


-LI = -f+ 
| < IRZ- HRZ) 
ИССИ 

22 - 


Since є>0 is arbitrary |/,—/,| = 0 so that 7, = 1. 
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Example 1 : 
2-4 


It =4 
252 2—2 





Solution : 


2 
Let f(z) = — f(z) is not defined at z = 2 and when z + 2 we have 


(z+2)(z-2) 
f(z) = MEC Z 
до If(z)-4| = |z*2-4| = |7—2| when z # 2 


Given є>0, we choose 6 = є 


Then 0<|2—2|<8 => |f(z)-4|<e. 
e It f(z) = 4 
°° 7—2 

Example 2 : 


The function f(z)= : does not have a limit as 2—>0. 


Solution : 





Suppose 2—0 along the path y = mx 


x-imx l-im | 
Along this path f(z) = ———— = as x # 0). 


Xx+imx  1l-cim 








> which is different for 


Hence if z—0 along the path y=mx, f(z) tends to TER 


different values of m. 


Hence f(z) does not have a limit as 2—0. 
Definition : 


We say Е. f(z) = Į if given €»0 there exists a number m>0 such that |z| > m 
> [f(z)-1|«e. 
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We say that Es f(z) = oo if for given п>0 there exists m>0 such that [z[?ru => 


(2). 


Theorems on Limit : 


Let f and g be two functions whose limits at z, exist. 


Let oats f(z) =- [ 
d Lt g(z) . 
sa Z—> Z0 = ой 
Тһеп 
(i) EE (z)+e(z)] = nm 
(ii) , rA f(z)g(z) 2 m 
» DE b ынай 
(11) "m g(z) z) sal provided m # 0. 
; Ё - 
(iv) If Е.а я (2) _ | then „А fi) =] = 
Proof : 
Let є>0 be given. Then there exists 820 such that 0<|z~z,|<d => |f(z)-/|<e. 
Г(@-1 = Ei = 2-4 
0<|z~z,\<6 => f(z) -1 «€ so that , а ааг = ] 
Lt f(z)_ teed f(z) _ 
(v) Е 2220 (2) _ l then , AR ) |] 
Proof 
(КӨӨ < {f(z)/| and hence 
0<|z-~z,|<5 => |2) Ш<є 


Z- 20) 
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му Et f lig, Lt Ref(z = вегапа  D* Im f(z) = 1m (D. 


Z Z0 2—20) 
Proof : 
Lt f(z 
Let 2-20 (z) = I 
since Re f(z) = zL£(2) 602) we have 
Lt Re f(z) . | Lt f(z)+ Lt zl 
Z— Z0 21z—2zg Z— Z0 
1 Е 
= —(I-l 
(1+7) 
= Rel. 
Simi Lt Im f(z) _ 
imilarly , — zo = Im/. 


Lt Re f(Z)_peyandiet Lt Im f (Z)-tm 1. Since f(z)-Re f(z) 


Conversely, let , кл Z— Z0 


+ i Im f(z) it follows that " f(z) =Rel+ilm/=l. 


Z— Z0 
Exercise : 
l. Express each of the following functions in the form u(x, y)*iv(x, y) 
T =2 es Z 
= 73 —-2z +1 = — 
(1) уу = 77, (ii) w (ш) w Ts 
2. Use the definition of limit to prove 
Lt az+b _ 
NM = az, + b. 
Xy 
3. Prove that f(z) = ia у2 , 2+0) does пої have a limit as 2 0. 
4. Evaluate the following limits. 


(i) Lt (2x + iy? r 


z+3\(z-—4 
dy n (22302-0 
Z—>—21 22 + 57, + 9 
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CONTINUOUS FUNCTIONS 


Definition : 


Let f be a complex valued function defined on a region D of the complex plane. 


Let z,€D. Then f is said to be continuous at z, if “> f(z) - £(z,). 


Thus f is continuous at z, if given є>0 there exists a 9070 such that Iz-zj«ó => 
If(z)-f(zy)|«e. 


f is said to be continuous in D if it is continuous at each piont of D. 


] heorems : 


(i) Iff and р are continuous at z, then f+g, fg and f are continuous at 2, and z is 


continuous at z, if g(z,)#0. 
(п) If fis continuous at z,, then |f| is also continuous at z,. 
(ni) If fis continuous at z, iff Re f and Im f are continuous at z,. 
= (iv) Any polynomial P(z) is continuous at eaca point of the complex plane and any 


P(z 
rational function Q( z) is continuous at all points where Q(z) = 0. 





DIFFERENTIABILITY 


Definition : 
Let f be a complex function defined in a region D and let zeD. Then f is said to 


| f(zt+h)-f(z) . са a 
be differentiable at z if a h exists and 1s finite. This limit is denoted by 
— 


df 
f(z) oray and is called the derivative of f(z) at z. 


The function is said to be differentiable in D if it is differentiable at all points of 
D. 


Example 1 : 
The function f(z) = z? is differentiable at every point and f'(z) = 2z. 
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Proof : 


f(z+h)- f(z) _ (z«hy -z 


h h 
= 2z+h 
2 Lt f(z- h)- f(z) 2 Lt (22+) >, 
h>0 h 


І 
t3 
N 


oo f'(z) 
Example 2 : 
The function f(z) = z is nowhere differentiable. 


Proof : 
f(z-*h)-f(z _ (z-h)-z 
h h 





h | 
Lt — does not exist. 
h»50h 


f(z) = z is nowhere differentiable. 


Example 3 : 


If f(z) is differentiative at a point z then it is continuous at that point. 


Proof : 


Lt [f(z * h)- f(z)] 


ц fect) Lt h 


h>0 h h->0 
= f'(z)x0 
= 0 


oo E f (z+h) = f(z) so that f is continuous at z. 
—0 


The converse of the above result is-not true. For example, f(z) = z is continuous 
everywhere but it is nowhere differentiable. 
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Theorems : 


(v) 


(vi) 


(vii) 


Let f(z) and g(z) be differentiable at a point z. Then 

(frg)' (2) = f(z) + g'(z) 

(fg)' (2) = t(z)g(z) + f'(z)g(z) 

В (2) = [e'f provided g(z) + 0. 

Suppose g is differentiable at z and f is differentiable at g(z). Let F(z) = f(g(z)). 
Then F'(z) = f'(g(z)) g'(z). 


Let n be any positive integer. The function f(z) — z? is differentiable at every 


point and f(z) =n z™!. 


The polynomial P(z) = a,+a,z+a,z7+.....+a,z" is differentiable at every point and - 


/ = n-1 
P'(z) = а,+2а„7+....+п a, Z 


If n is a negative integer f(z) = z" is differentiable at every point z40 and f'(z) = 


n zl, 


Exercise : 





l. Find the derivative of the following functions 

(1) 22+32+1 — (i) nd. 

22+ 3 
i ee ; 
2. Prove that f(z) = i is differentiable at every point z # —1 and find f(z). 
>. Prove that f(z) = Re z is not differentiable at any point. 
THE CAUCHY - RIEMANN EQUATIONS 

Theorem : 


Let f(z) = u(x, y)*iv(x, y) be differentiable at a point z, = xyt*iy,. Then u(x, y) 


and v(x, y) have first order partial derivatives и, (х,у), Ч. (хо, yo), V,(Xq,Yo) and 
V (Xo. yo) at (Xo, Yo) and these partial derivatives satisfy the Cauchy-Riemann equations 


(C.R.equations) given by 
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U,(Xo, Yo) = V (Xo. yo) 
and u, (Xo, у) = -V Xp yg) 
Also f(z) = у(х, yg) + i у,(хү, Yo) 


V (Xo, Yo) = о (Xo. Yo) 


Proof : 

Since f(z) = u(x, у)+іу(х,. y) is differentiable at zy = Xotiyo: 
f(zo*h)-f(zo) — . T IM 
Lm exists and hence the limit is independent of the path in which h 

> 


approaches zero. 


Let h=h,tih, 


Now f(z + a Е(20) 


u(x +h], y0 + hz) tiv(xo +h, yọ + h2) — u(x, Yo) —iv(xo. yo) 
hy * ih? 


u(xo * hi, yo + h2) – ц(хо,уо) |, | v(xo +, yo + h2)- v(xo. yo) 
hy; + 1h9 hı +15 


Suppose h—>0 along the real axis so that h = h,. 


oth) fol 


o [ror цоо), Е ЁЗ ыо) з0050)] 
hi0 hi hi0 hi 

(хыз + XX) eee (1) 

Now, suppose һ->0 along the imaginary axis so that h = i h}. 


f(zo + h2)— 2 


oo Ё (Zo) = Lt | ih 


іћ 0 


Lt Quot tal aoe) |; Lt | root) ea 
ih? | h50 12 
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_ | Ay(xo.yo) ‚| Yy o Yo) 
1 
= T YX Yo) + у(х, Yo) 
COWON Yt VOR X O ae (2) 
From (1) and (2) we get 
(20) = Wo Уо)+і VX Yo) 
V (Xo. Yo)— 1 о (Xo, yo) 


Equating real and imaginary parts we get 











u(X» Y) = у(х Yo) 
Uo Yo) = v (ҳо, yy) 
Remark 1: 
Since f(z) = uti v, = vi u, we have 
‚ P 2 2—552 2 
I£'(z)| оу =, tv, 
’ 2 шы 2 2x 2 
Also I£'(z)| u, “tu,” = v. Ty 
Further If(z)^ = u V2 А 
Ux Uy! O(u,v) 
Vx Уу} (x,y) 
Remark 2: 


The Cauchy-Riemann equations provide a necessary condition for 
differentiability at a point. Hence if the C.R. equations are not satisfied for a complex 
function at any point then we can conclude that the function is not differentiable. For 


example, consider the function. 


f(z) = z-x-iy 
X 


u(x, у) = 
and у(х, у) = -y 
oo u(x,y) = 1 
and v (x, y = -1 


оо U, + V, so that С.К. equations are not satisfied at any point z. 
Hence the function f(z) = z is nowhere differentiable. 


170 


Remarks 3 : 


The C.R. equations are not sufficient for differentiability at a point. 








Example : 
xy. 
А 5 a if 2+0 
Let f(z) = IX ty 
0 ifz-0 
X | 
5 " if (x, y) (0,0) 
u(x, у) = |х + 
0 if (х,у) = (0,0) 
v(x, у) = 0 
u(h,0) – (0, d 
= Ltj|———————— 
= Lt E = () 
h>oL h 
Similarly u, (0, 0) = 0 


Also v,(0,0) = 0 and v (0, 0) = 0. 
Hence the C.R. equations are satisfied at z=0. 


Now, along the path y = mx 


f(z) xmx m » A 
z) = 5 05-775 fxs 
x^4m^?x? 14m? 





m 
Hence if 2—0 along the path y = mx, DO 5 Which is different for 
m 


different values of m. 


Hence f(z) does not have a limit as z->0 so that f(z) is not even continuous at 


z=0. 


In the following theorem we prove that C.R. equations together with the 
continuity of partial derivatives give a sufficient condition for differentiability of 


complex functions. 
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Theorem : 

Let f(z) = u(x, у)+1 v(x, y) be a function defined in a region D such that п, v and 
their first order partial derivatives are continuous in D. If the first order partial 
derivatives of u, v satisfy the Cauchy-Riemann equations at a point (x, y)eD then f is 


differentiable at z = x+y. 


Proof : 


Since u(x, y) and its first order partial derivatives are continuous at (x, y) we 
have by the mean value theorem for functions of two variables. 


u(xt+h,, yth,)-u(x, y) = h, u,(x,y)th, u (x, yth,e;th,e, ------- (1) 
where e, and e, — 0 as h, and h,->0 

Similarly 

v(xth,, у+һ,)—у(х,у) = hy v(x, y)th, v(x, у)+ є; є, ------- (2) 


where €,, €,—0 as h, and h,0 


Let h =h, + ih, 


РА f(z+ a f(z) 


[u(xth,, yth,)—u(x, y)tiv(xth,, y+h,)—v(x, y)] 

1 | 
= то, (х, )+h,u (x.y)+h e, the, + ith v,Goy)th,v (х, )th,e,th,e a3] 
using (1) and (2) 


l 
= 4 Lat Coy HV, (х,у) th, fu (x y)tiv (xy)} + hy(e,tie,)+h,(e,tie,)] 


1 | ; ; 
= 7 [(h; tih, Ju, y)-i(h, tih,)u (x,y) + hie нє )+һ,(є у+1є „)] 


(using C.R. equations) 


1 | | , . 
= h [hu (x, y)-ihu (x „yth, (€ 111 Є з) T h( ejfe 42] 


h h | 
= Ux (x,y) -iuy(, y) +6 +1 e)*- (e tie) 


hy 


Since h 


$1, (= +i €3)— 0 ash 0 
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h | 
Similarly, Eu. Hi є)» 0 ash 0 


= u(x, y)-i u (x, y) 
Hence f 1s differentiable. 


Example 1 : 
Let f(z) = ех (cos y +1 sin y) 
oo U(X, y) = ех cos y and у(х, у) = ех sin y 
Then о (х, y = ех cos у = У, (x, y) 
and и (х, y) = -e* sin y = —v,(x, y) 


Thus the first order partial derivaties of u and v satisfy the C.R. equations at 
every point. | 


Further u(x, y) and v(x,y) and their first order partial derivatives are continuous 
at every point. Hence f is differentiable at every point of the complex plane. 


Example 2 : 


Let f(z) = |>]? 
E f(z) = u(x,y)tiv(x, y) = х2+у? 
2, u(x, у) = x+y’ and v(x, у) = 0 
SO u(x, у) = 2x; 

u(x, у) = 2y 

у(х, y) = 0-7 vx, y) 


Clearly the С.К. equations are satisfied at z = 0. 


u and v and their first order partial derivatives are continuous and hence f is 
differentiable at 2 = 0. 


Also, the C.R. equations are not satisfied at any point z # 0 and hence f is not 
differentiable at z + 0. Thus f is differentiable only at z = 0. 


Complex forms of C.R. equations 


Let f(z) = u(x, y) + 1iv(x,y) be differentiable. Then the С.В. equations can be put 
in the complex form as f, = -t, 
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Let f(z) 
Then f. 
and f, 
Hence f. 
e u tiv, 
=> и tiv, 
=> и. 
апа V 


u(x,y) * iv (x, y) 
u tiv, 

u tiv, 
—i fy 
-i(u,Hiv,) 
vlu, 


V 
y 


Thus the two С.В. equations are equivalent to the equation f, = —if.. 


C.R. equations in polar coordinates : 


Let f(z) = u(r, Ө)+іу(т, Ө) be differentiable at z = ге! + 0. 


Th in 

en Ar 

d ду 

T дг 

Further f'(z) 
Proof : 


We know that x = r cos Ө and y =r sin Ө. 


H Las 
ence ar 


|? 


oe PK 00 PN 

Ox Or ду дї 

ĉu созе + sino -------- (1) 
дх ду 

су 

Ox 00 ду 00 


Ar sin0) + (r cos0) 
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S 1 ду = = ia ce 
г 00 Ох ду 
ди sinO + eu cosÓ R i 
= у ox (using C.R. equation) 


ou | 
= (using (1)) 


R Ou _ 1ду 
°° ao +r 
mil ду lð 
Similarly we can prove that ети 
(242) . (Zaar) (ауа: mar) 
Ot дг Ox Or Oy Or Ox Or Oy or 


= f OU овд + sind +1 Z cost e P sind 
Ox Oy Ox Oy 


= Xf'(z)'iyf'(z) 
= (х+1у) (2) 
= 7{'(7) 


т{ди . Оу 
oo f'(z) T 12.12 


Theorem : 


If f(z) 1s a differentiable function, the C.R. equations can be put in the form 





а о 

Oz ` 

Proof : 
Let f(z) = u(x, y)'iv(x,y) 
E "" Z+Z 
ince 2 
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and у= —— 





21 
, Z+Z 7—7 TS Z+Z 7—7 
We have f(z) = > ° 5i 2 5i 
| of _ Of dx | Of Oy 
i әт Oxdz dy dz 
„жык 
02х42) ду\ 21 
_ 1(af ,,of 
|». 2\дх ду 
5 2 ow Bud hich is th lex f f C.R ti 
О, Az = <> ax = dy wnicn 15 e сотріех orm o IK. equations. 


Of 
Thus the C.R. equation can be put in the form о О. 


Worked Examples : 


Example 1 : 


Verify Cauchy - Riemann equation for the function f(z) = 2° 


Solution : 


f(z) = 23 = (хну) 
= (x3—3xy’)+i(3x7y-y’) 

с u(x, у) = x?-3xy? 
and v(x, y) = 3x?y-y? 
db u, = 3x? 3y? 
and v, = бху 

go —6xy 
and y, т 3x?-3y? 

и, = vy 
апа u, = —ух 


Hence the Cauchy-Riemann equations are satisfied. 
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Example 2 : 
Prove that the function f(z) = e* (cos y — i sin y) is nowhere differentiable. 
Solution : 


f(z) = e*(cosy-isin y) 


= ех cos у —1e* sin y 


oo u(x,y) — e*cosy 
and V(X, y) = -e*siny 
оо u, = e*cosy 
and у, = —e* sin у 
Чч. = er sin y 
and у = ех cosy 


С.К. equations are not satisfied at any point and hence f(z) is nowhere 
differentiable. 


Example 3: 
Prove that f(z) = z Im z is differentiable only at z = 0 and find f'(0). 


Solution : 


f(z) = zImz 

= (xtiy)y 
oo u(x,y) = xy 
and v(x,y) = y? 


oo U, = у; ц = х; v, = 0 aud у, = 2y. 

Clearly Ше С.К. equations are satisfied only at z = 0. 
АП the first order partial derivatives are continuous. 
Hence f(z) 1s differentiable at z = 0. 

Also f'(0) = u (0, 0) + 1v (0, 0) = 0 


Example 4: 


x"(1--i)- y (1- i) , 
Prove that the function f(z)= x? 4 y^ satisfies C.R. equations 
0 if z-0 


at the origin but f'(0) does not exist. 
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Solution : 


x^ (14i) - y*(1- i) 








> if zzo 
f(z) = x + 
О if z=0 
й T ПИ: 
ете и(х, y) ИШ x? 4 y? 
, XY. - 
an | v(x, y) = x2 +у2 if (x, у) # (0, 0) 
u(0, 0) = v(0, 0) =0 
u(h,0) — 0(0,0) 
0.0) = A ae 
HCM = a 20 h 
3 
wo 
= uh =1 
h>o h 
Similarly u(0,0) = 1 
u(0,0) = 1 
and о. (0, 0) = 1 
3 .3 3,.3 
io MR ee m RE S 


z—0 7 (x2+y2\ix+iy) (x2 +y2\(x+iy) 


Along the path y = mx we have 


fz-f(0) _ x-m* tm 
2—0 (x? + m?x? Кх +imx) (x? +m*x* Kx +imx) 
1- т? 14m? 


(1-- m? (1-- im) (1+ m^ )(1+ іт) 
Hence Һе value of ће limit depends on the path along which 2—0. 


f(z) — f(0) | | | 
Thus Lt we does not exist. Hence f 1s not differentiable at 0. 


z—0 
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Example 5: 

Find constants a and b so that the function f(z) = a(x?-y?)*i bxyte is 
differentiable at every point. 
Solution : 


a(x2—y2)+i bxy+c 


f(z) = 
Here u(x, y) = а(х?-у?)+с 
апа v(x, y) = bxy 


u, = 2ax; u - —2ay; v, — by and | bx. 
Clearly u, = v, and i, iff 2a = b. 
c» С.К. equations are satisfied at all points iff 2a = b. 


c» The function f(z) is differentiable for all values of a, b with 2a = b. 


Example 6 : 


0 .. 0 
Show that f(z) = Jr (cost +1819) where г>0 and 0«0«2m is differentiable and 
find f'(z). 


Solution : 


0 .. 90 
fz) = т [05 +1519) 


c 
| 


апа ү = тащ) 
2 P ou "UJ 
i er — avr 2 
d ad sin? 
- or — avr 2 
E = - Yt sin? 
oo 2 2 
and ev = Ут 8 
ОӨ 2 
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in 

г o0 

; дч 
oo0 Әг 
Ov 

Similarly ar 








1 da 
2/r 2 


Hence the С.К. equations in polar form are satisfied. 


Further all the first order partial derivatives are continuous. 


Hence f'(z) exists. 


f'(z) 


f(z) 
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Exercise : 


1. Verify С.К. equations for the following functions. 
(1) f(z) = e? 
(п) 2) = 12+2 
(iii) f(z) = sin z 
2. Prove that the following are nowhere differentiable. 
п) f(z) = |z] 
(1) 2) = хуну 
(ii) 2) = 2х+1ху2 
(iv) 2) = z-z 


3. Prove that for the following functions the C.R. equations are satisfied at z=0 but - 
the function is not differentiable at z=0. 





xy? 
; if 2+ 0 
(1) f(z) = х2 + у 
0 if 2= 0 
3 | 
х“у(у-1їх). 
m —À——— ifzz0 
Gi) ==) x6, 
0 © ifz=0 
x^y (x iy). 
u = if z#0 
(1) f(z)=} x` +y 
0 if z=0 
4. Prove that the following functions are differentiable at every point. 


(1) f(z) = iz*2 

(ii) 2) = х?—у?—2ху+ї(х?-у?+2ху) 
(iti) 2) = (x°-3xy)+i(3x2y-y’) 
(iv) 2) = 2x—3yt+i(3x+2y) 


5. Find constants, a, b and c so that the following functions are differentiable at. 
every point. 
(1) f(z) = х+ау—1(бх+су) Ans. (a=b; с=—1) 
(ii) 2) = ax*-by*+ticxy Ans. (a= c/2 =b) 


(uj) f(z) = cos x(cos h у+а sin h y)+i sin x(cos h у+Ь sin h y) Ans.(a-b—1) 
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ANALYTIC FUNCTIONS 


Definition : 


A function f defined in a region D of the complex plane is said to be analytic at 
a point acD if f is differentiable at every point of some neighbourhood of a. Thus f is 
analytic at a if there exists є>0 such that f is differentiable at every point of the disc 
S(a, є) = (z/iz-a|«e). | 


If f is analytic at every point of a region D then f is said to be analytic in D. A 
function which is analytic at every point of the complex plane 15 called an entire 
function or integral function. 

Example : 


Any polynomial is an entire function. 


Remark 1 : 

If f is analytic at a point a then f is differentiable at a. 

But the converse is not true. | 

For example, f(z) = |z? is differentiable only at z=0. Hence f is differentiable at 
z=0 but not analytic at z=0. 
Remark 2 : 

If f(z) is analytic at a then there exists є>0 such that f(z) is differentiable at 
each point of S(a, €). Let zeS(a, є). Then we can find 6>0 such that S(z, 6)cS(a, є). 
Hence f is differentiable at every point of S(z, 6) so that f is analytic at z. 
Theorem ; 

An analytic function in a region D with its derivative zero at every point of the 
domain is a constant. 
Proof : 

Let f(z) = u(x, y)+iv(x, y) be analytic in D and f(z) = 0 for all zeD. 

Since f(z) = u,tiv, = vy-iu, we have u, — E y y en 

oo u(x, y) and v(x, y). are constant functions and hence f(z) is constant. 
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Remark : 
The above theorem is not true if the domain of f(z) is not a region. 
For example led D = (zliz|-1 Yu {z/|z|>2} 
D is not a connected subset of C so that D is not a region. 


Let f:D—C be defined by 


1 if |21<1 
f(z) = 15 if д> 2 


Clearly f'(z) = 0 for all points zeD and f is not a constant function in D. 


Worked Examples : 


Example 1 : 


An analytic function in a region with constant modulus is constant. 


Solution : 
Let f(z) = u(x, y)+iv(x,y) be analytic in a domain D. 
Since |f(z)| is constant, we have ц2+у2=С where C is a constant. 
Differentiating partially with respect to x 


we get 2uu,t2vv, = 0 


i.e., илуу, = Oren (1) 


Similarly, differentiating partially with respect to y 
we get uu tvv, = 0. — — | | re ee 
Using C.R. equations in (1) and (2) we get 

uu Vv, = Qe a ca 

uu tvv, = O laaa 
Eliminating u, from (3) and (4) we get (u?*v?)u, = 0 
Since и2+у? = C we get u, = 0 | 
Similarly we can prove that v, = 0 so that 

f(z) = u,tiv, = 0 


Hence f is constant. 
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Example 2 : 


Any analytic function f(z) = u+iv with arg f(z) constant is itself a constant 
function. 


Solution : 


ifv 
arg f(z) = tan |= С where C is a constant 
u 


V : 
до En = К where К is a constant. 
oo V = Ku 
Hence У, = Ки, 
апа = Ku, 


Eliminating K from the above equations 


we get u,v, = уш 


ху у 
о = 
оо u,v UyVx 0 
2 2 "T ° * 
oo u tu" = 0 (using C.R. equations) 


oo U, = 0 and u, = 0 and hence u is constant. Similarly we can prove that v is 
constant. 


oo f = u+iv is constant. 


Example 3: 


Prove that the function f(z) and f(z) are simultaneously analytic. 


Solution : 
Suppose f(z) = u(x, y)+iv(x,y) is analytic in a region D. 


Then the first order partial derivatives of u and v are continuous and satisfy the 
C.R. equations 


-------(2) 


Fl? gis 
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f(z) = u(x, -y)-iv(x, –у) 
= u(x, y)tiv (x,y) 


where u(x, y) = u(x, -y) 
and vi(x, y) = -v(x, -y) 
Ov | Ov 
Hence E = E = ду == a (using (1)) 
-T D ua, 
Oy Oy Ox Ox 


oo The first order partial derivatives of u, and v, are continuous and satisfy the 
Cauchy-Riemann equations in D. 


Hence f(z) is analytic in D. 
Similarly if f(z) is analytic in D then f(z) is also analytic in D. 
Example 4 : 


? _ а г ё 
If эхду — oyox Prove that o oy) = - 





Solution : 


Let 2 = xhy 
oo X = —(z+z) 
d тк 1 (2-3) 
= ус 2i 
0 _ 2x 0 vy 
lo 19 
© 26x 21 ду 
l(0 .0 
= | —— 4 1 — 
2\ox ду 











LN _, 
ü Ox) Oy! деде 





Exercise : 


1. Prove that an analytic function whose real part is constant is itself a constant. 


2. If f = utiv is analytic in a region D and uv is constant in D then prove that f 


reduces to a constant. 


3. If f = utiv is analytic in a region D and v = u? in D then prove that f reduces to 
a constant. 
4. Determine the constants a and b in order that the function f(z)-(x^ray^-2xy) + 


i(bx2—y?+2xy) should be analytic. Find f(z). 


| HARMONIC FUNCTIONS 
Definition :. 
' Let u(x, y) be a function of two real variables x and y defined in a region D. 


Pu 


| u 
u(x, y) is said to be a harmonic function if od ду? = 0 and this equation is called. 


Laplace's equation : 
Theorem : 


The real and imaginary parts of an analytic function are harmonic function. 
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Proof : 
Let f(z) = u(x, y)*iv(x, y) be an analytic function. 


Then u and v have continuous prtial derivatives of first order which satisfy the 
C.R. equations given by 














Ou _ ду 
дх ду 
дч _— 0v 
апа ду = x 
Ou eu 
Also Oxóy = дуду 
, Qv Әу 
- OxÓy  ôyôx 
ёа Ou — 2 (2 2-2) 
_— Ox? ay? —s ax dy) dy\ Ox 
_ vy ay 
с Фхду дудх 
= 0 


So u is a harmonic function. 
Similarly, we can prove that v is a harmonic function. 


Note : Laplace's equation provides a necessary condition for a function to be the real or 
imaginary part of an analytic function. 


For example if u(x, y) = х2+у we have 


ou ^u Qu ou 
Р oy ° and od oy? 


co U(X, y) is not harmonic function and hence it cannot be the real part of any 
analytic function. 


Definition : 


Let f = utiv be an analytic function in a region D. Then v is said to be a 
conjugate harmonic function of u. 
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Theorem : 


Let f = utiv be an analytic function in a region D. Then v is a harmonic 


conjugate of u if and only if u is a harmonic conjugate of —v. 


Proof : 
Let v be a harmonic conjugate of u. 
Then f = u-iv is analytic. 
oo if = 1u-v is also analytic. 
Hence u is a harmonic conjugate of —v. 


The converse is similar. 


Theorem : 


Any two harmonic conjugates of a given harmonic function u in a region D 
differ by a real constant. 


Proof : 
Let u be a harmonic function. 
Let v and v* be two harmonic conjugates of u. 
utiv and utiv™ are analytic in D. 


By the Cauchy-Riemann equations we have 








д _ ду _ду* 
Ox ду ду 
Ои OV Ov * 
and ду = т 5 - Ax 
| ov at 
oo ду = ду 
апа = = EE 
OX OX 
Hence 2 (v-v) = 0 
Oy 
ð 
and - ria - 0 
o v = v*+C where C 15 a real constant. 


Note : The Cauchy-Riemann equations can be used to obtain a harmonic conjugate of a 
given harmonic function. 
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For example, let u(x, y) = x2-y? 


ou 


и 
Then à oy = 2-2 = 0 so that и is harmonic in the whole complex plane C. 


Let v(x, y) be a harmonic conjugate of u. 


Th c NES... =) (1) 
en By eK nee 
Ov Ou 
-— — — аў — РЕ > dup uy MED GU WD чын 2 
and r- ду 2у (2) 


On integration of (1) with respect to y we get v = 2ху+ф(х) where ф(х) is a 
function of x alone. 


Ov Ou — 
From (2) — = Cy gives 2у+ф'(х) = 2y 


Ох 
do ф'(х) = 0 so that ф(х) = C (a constant) 
oo V = 2ху+С 


Thus the harmonic conjugate of и(х, у) = x^-y? Is given by v(x, y) = 2ху+С and 
the corresponding entire function is given by 


f(z) = (x*-y?)+i(2xy+C) 
= z^HiC 
MILNE - THOMPSON METHOD 


Let u(x, y) be a given harmonic function. Let f(z) = u(x, у)+іу(х,у) be an 
analytic function. 


Then f(z) = u,(x,y)tiv, (х,у) 
= u,(%, у)у-їч, (х,у) 
Let ф(х, y) = u(x, у) 
and ф(х, y) = -u (х, y) 
с 
2 
Z-Z 
and y = ES 
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| 4 БЕ 2) ig (= x 
So f'(z) = Ul 2 5 2i 2 2 s 2i 
Putting z = z we obtain f(z) = p(z, 0)—1ф,(2, 0) 


Hence f(z) = f[$1(z,0) -i$2(z,0)]dz +C 


Note : It can be proved in a similar way that the analytic function f(z) with a given 
harmonic function v(x, y) as imaginary part is given by 


f(z) = S[w)(z,0)+iw2(z,0)|dz+C where 
у(х, у) = Уу and y(x, y) = v,. 
Worked Examples : 


Example 1 : 


Prove that п = 2x—x?+3xy? is harmonic and find its harmonic conjugate. Also 


find the corresponding analytic function. 


Solution : 


и = 2х-х?+3ху? 
оъ и, = 2-3х2+3у?; 
у, = —6х 
u, = бху 
Uy = 6x 
oo uH. Т 0. Hence u is harmonic. 


Let v be a harmonic conjugate of u. 
oo f(z) = u+iv is the analytic function where v is to be found out. 
By Cauchy-Riemann equations we have 
v, = u, = 2-3х^+3у? 
oo Integrating with respect to y we get 
v = 2у-3х2у+у+А(х) wee D 
where A(x) is an arbitrary function of x. 


oo К = —6xytÀ(x) 
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у, = -, gives -бху+А(х) = —6xy 
Hence A(x) = 0 so that A(x) = C where C is a constant 
2y—3x2yt+y>+C (from (1)) 
f(z) = (2x—x3+3xy*)+i(2y—3x2y+y7)+iC 
= 2(xtiy)—-[(x°—3xy7)t+i(3x2y—y*]+iC 


= 22—241C 


V 


EA f(z) = 2z-z>+iC is the required analytic function. 


Example 2 : 


Show that u(x, y) = sin x cosh y + 2cos x sinh у + х2—у2+4ху is harmonic. Find 
an analytic function f(z) with the given u for its real part. 


Solution : 
u, = cosx cosh y — 2sin x sinh y +2х + 4y 
u,, = -sin x cosh y — 2cos x sinh у + 2 
u, = sin x sinh y + 2cos x cosh y — 2y + 4x 
п, = sin x cosh у + 2cos x sinh y — 2 
oo и, = 0 
Hence u is harmonic. 
Let $ (x,y) = u, 
and — ф(х, у) = и, 
oo $,(z, 0) = cos z cosh 0 — 2sin z sinh 0 + 22 
= cosz+ 22 
Similarly $4(z, 0) = 2с052 + 4z 
ct f(z) = I[&1(z,0)- i5 (z,0)]dz 


= j[(cosz+ 22)-i(2cosz + 4z)]dz 
= -sin z + z*-2i sin z — 2i z? + С 
Example 3 : 


given v(x, y) = x*-6x?y^-y^ find f(z) = u(x, y)*iv(x, y) using Milne Thomson 
method such that f(z) is analytic. 
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solution : 
v(x, y) = x*-6x’y*+y* 
v, = 4x?—12xy? 


v. = 1 2x?-12y? 
v, = -I2x^yr4y) 
zl 2 2 
LT 12х2+12у 
oo Vig Vag = 0 


Hence v is harmonic. 


Let yy v 
and w(x, у) = у, 
oo y(x, у) = -12x?yr4y? 
and W(X, y) = 4x?-12xy? 
oo y,(z, 0) = 0 
and (z, 0) = 42° 
o% f(z) = f [wi(z, 0) +2 (2,0) |dz 
= 142742 = і 2*+С 
f(z) = iz*+C 


Example 4 : 
Find the constant a so that u(x, y) = ax?-y?*xy is harmonic. Find an analytic 
function f(z) for which u is the real part. Also find its harmonic conjugate. 
Solution : 
u = ах?—у?+ху 
Given that u is harmonic. Hence it satisfies Laplace's equation 
Pu A 
ox” y! 


| 
l 
ho 
> 
ns 
< 


and —- = 2a 
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and 


$,(x, y) 
ф(х, y) 
,(z, 0) 
ф(2, 0) 


f(z) 


f(z) 


v(x, y) 


—2y+x 


j[1(z,0) — i$2(z. 0)]az 
[(2z - iz)dz 


- \2 
(x +iy)* EP ec 


(x2 -y? «2ixy)- 2 (9 - y? +2ixy) +C 





2 „2 
(x^ - y esee I | 


2ху+ 





2 2 | 
у : is the harmonic conjugate of u(x,y) 
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Example 5: 
Prove that the real and imaginary parts of an analytic function when expressed 


in polar form satisfy the equation ^u, 100, 1 2u = 
дг? г дг r? ao? i 


Solution : 


We know that Cauchy-Riemann equation in polar form is given by 


ou _ 1 ду | 
а T (9 
OV 1 ди 

б^ 0000000000000 0707 0) 


We eliminate у from (1) and (2) 


Differentiating (1) partially with respect to r and (2) partially with respect to 0 
we have 


ay au du 











ө ә аууы ©) 
ey _ 108 
Oe rere Н " 
| 0?v 07v 
Since — = 
Orco oO0or 
we h „2u ди = _1дм 
ауе += pes 
Pu tou 1а: 
e I or r? oo? 
, v 10у. 18v Е 
Similarly, — + 2r 22 = 


Example 6: 


Show that if u and v are conjugate harmonic functions the product uv is a 
harmonic function. 
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Solution : 


Since u and v are conjugate harmonic functions we have 


Kcd, 5 Do eea (1) 
My OO (2) 
Me (3) 
uy = жү, --------(4) 
Let ф = uv 
| ф, = чул, 
xx = uv,,*2u,v,tvu,, 
Similarly фу = uv,-2v,u,tvu,, (using (3) and (4)) 


$,*0,, = u(v, tv, )*v(u,.*u, ) 
= 0 (using (1) and (2)) 


oo ф = uvisa harmonic function. 


Example 7: 


If f(z) is analytic prove that Гы ad KON = 4|{(2)|? 
ytic p ex? oy? 


Solution : 


Let f(z) = нү 
Iz)? = ч?+ү? = (say) 
and f(z) = u, tiv, 
E = 2uu,t2vv, 

e 

27 = 2|u2 + ийуу + V2 + ууу) — (1) 

e | 
Similarly 23 == 2| u? + чуу + v + Ууу | € (2) 


Since u and v are harmonic 


Ухх + Ууу = 0 
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Adding (1) and (2) using (3) we get 


A[u 2+у,2] 


Ж 
af 


Alu_tiv,|? 


А4102) 


Exercise : 


E: 


Prove that the following functions are harmonic. Also find a harmonic 
conjugate. 


(i) u = sinh x sin y (ii) u = ех cos y 
Find the function f(z) = utiv such that f(z) is analytic given that 
()ч= х; £x(ii)u=x*3xy? (ііі) u = cos x cosh y (iv) v = 3x?y-y? 


Prove that the functions u(x, y) and u(x^—y*, 2xy) are simultaneously harmonic. 





y 
Prove that u(x,y) = x-y? and v(x, y) = ` x2, y2 are both harmonic but utiv is 


not analytic. 


| X 
Find the analytic function f(z) ^ utiv if utv = a y2 given f(1) = 1. 
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COMPLEX ANALYSIS | =. UNIT - 8 


BILINEAR TRANSFORMATIONS 


A function f:C->C сап be thought of as a transformation from one complex 
plane to another complex plane. Hence the nature of a complex function can be - 
described by the manner in which it maps regions and curves from one complex plane 
to another. | 


Elementary Transformations : 


1. Translation : Consider the transformation w = z+b. If z = хну, w = utiv and 
b = b,tib, then the image of the point (x,y) in the z-plane is the point (x+b,, y+b,) in 
the w-plane. 


Under this transformation the image of any region is simply a translation of 
that region. 


Hence the two regions have the same shape, size and orientation. In particular 
the image of a straight line is a straight line and the image of a circle with centre a and 
radius г is a circlewith centre a+b and radius г. 


We note that oo is the only fixed point of this transformation when 0. 
2. Rotation : Consider the transformation w-az where |a| = 1. 
Let z = ге! and а= e so that |а|=1. 
d » = az = e!%(rel®) = rei(0*o) 
oo A point with polar coordinates (r, Ө) in the z-plane is mapped to the point 


(т, Өто) in the w-plane. Hence this transformation represents a rotation through an 
angle a=arg a about the origin. 


Under this transformation also straight lines are mapped into straight lines and 
circles are mapped into circles. 


We note that 0 and œ are the two fixed points of this transformation. 


3. Magnification or Contraction : Consider the transformation w=bz where b is 
real and b>0. 


Then a point with polar coordinates (r, 6) in the z-plane is mapped into the point 
(br, 9) in the w-plane. Hence this transformation represents a magnification or 
contraction by the factor according as b>1 or b<1. 
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Under this transformation also straight lines are mapped into straight lines and 
circles are mapped into circles. 


We note that 0 and œ are the fixed points of this transformation. 


In general the transformation w=bz where b is a non-zero complex number 
represents a rotation through an angle arg b followed by a magnification or a 
contraction by the factor |b]. Such a transformation is called a homethatic 
transformation. 


| 1 
4. Inversion : Consider the transformation w = RE 
Put | z= re? 
1 228 
m we i0 


I 


This transformation can be expressed as a product of two transformations 
T, (z)- e and T.(z) = ге = z 
((2)7- and Т,(2) = re = z. 


For, (T,*T,)(z) = T (T.(2)) 
= T (re>) 


, 1 i . , 
The transformation T,(z) = a represents the inversion with respect to the 


unit circle |z|=1 and T,(z)=z represents reflection about the real axis. 


| 1 , , "- 
Hence the transformation w = " is the inversion w.r.t. the unit circle followed 
by the reflection about the real axis. 


Here points outside the unit circle are mapped into points inside the unit circle 
and vice versa. Points on the circle are reflected abuot the real axis. 


In terms of cartesian coordinates the above transformation can be expressed in 
the form. 


1 X —1y 
w = utiv= “=з 
X+1y Xx +у2 
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oo п = x2 +y 
Й e 
en V7 x*.y? 
Similarly from z = — t — and кы (1) 
1m = = —== чо6 =~ o. -------- 
Папу from 2 = ~~ we get х S.S 80 y S 
Consider the equation a (x*+y2)+bxteytd =O 2 2 = (2) 


where a, b, c, d are real. 
This equation represents a circle or a straight line according as a = 0 or a= О. 
Using (1) in (2) we get | 
d(u?-v)4bu-cvta- 0... 1 atten (3) 
Suppose а = 0; а + 0 


In this case both (2) and (3) represent circles not passing through the origin. 
Hence circles not passing through the origin are mapped into circles not passing 
through the origin. 


Similarly a circle passing through the origin is mapped into a straight line not 
passing through the origin. 


A straight line not passing through the origin is mapped into a circle passing 
through the origin. 


А straight line passing thruogh the origin is again mapped into a line passing 
through the origin. 


! 1 | 
Thus we see that under the transformation w = » the image of a circle need not 


be a circle and the image of a straight line need not be a straight line. 


1 
We note that the fixed points of the transformation w = _ аге 1апа—1. 


Worked Examples : 
Example 1 : 
Under the transformation w = iz*i show that the half plane x>0 maps onto the 


half plane у>1. 
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Solution : 


Let 2 = x+y 
апа w = utiv 
w = izti 
=> у = i(xtiy)+ | 
= —yti(x+1) 
d utiv = -yti(x*1l) 
oo u = -y 
and v = xti 
oo x>0 у>] 


оо The half plane x>0 is mapped into the half plane v>1. 


Example 2 : 


1 
Show that by means of the inversion w = 7 the circle given by |7—3|=5 is 














3 5 
1 { W + — == —À 
mapped into the circle 16 ^ 16° 
Solution : 
| | 1 
The circle |2—3| = 5 is mapped into 1-9 = $. 
1 1 | 
Now -3 =5 > m ы 
u+iv 








=» [(1-3u)-3iv| = 5ļu+iv| 
=> (1-3uy^«9y? = 25(02+у2) 
=> 9п?—би+1+9у? = 25u?+25vy2 


= 16(и?+у?)+6би—1 = 0 


2,.2, 6 1 
+v~ +—u-— = 
ae a a 
This is a cr cle with centre E o) and radius (3) ES 2 2 
16° 16) 16 16 
| : ИР | 3 5 
Hence the image circle in the w-plane is given by the equation uid" ut 








200 


Exercise : 








l. Find the image of the strip 0<x<1 under the transformation w=iz. 
2. Find the image of the region y>1 under the transformation w-(1-i)z. 
1 |! 
3. Show that by means of the inversion е the circle given by |z—2|=7 is mapped 
"— E 
into the circle 45| 45° 
4. Find the image of the semi infinite strip x>0; 0<y<2 under the transformation 


w-iz-tl. 
Bilinear Transforamtions : 


| +b 
A transformation of the form w = T(z) = = 4 ЕЕ (1) 





where a, b, c, d are complex constants and ad-bczO is called a bilinear 
transformation or Mobius transformation. | 


a d 
We define Т(со) = К апа (-@)- œ. Hence T becomes a 1-1 onto map of the 


extended complex plane onto itself. 


-dw +b 
The inverse of (1) is given by z = T^!(w) = pen which is also a bilinear 
transformation. 
Theorem : 


Any bilinear transformation can be expressed as a product of translation, 
rotation, magnification or contraction and inversion. 


Proof : 


az+b 
Let w = T(z) = ace where ad—be 00 000 | ------- (1) 


be the given bilinear transformation. 
Case (i) : 

с = 0. 

Henced + 0 (~ ad-bc # 0) 
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Let 


and 


(1) => ж 


Түш) = 


T(z) 





T, and T, are elementary transformation and 


Case (ii) : 


Let 


Then 


For 


(T,°T (2) = 


T(z) = 


T,(Z) 


Т,(2) 


Т.(2) e 


T(z) 
(TaT T T CO) 





T(z) 
0 

|«+[&)!+ъ-( ) 
az+b ы x 
cz+d |. z+(2)| 

C 
uiri 

c 
C cz 4d 
cz-td 


(T,* T, *T,*T,)(z) 
(T,* T, *T,)(cz*d) 


202 





bc — ad + acz + ad 
Е с(с2+ d) 


c(b + az) 
c(cz - d) 


az+b 
cz+d 


= T(z) 





Hence the theorem. 


Corollary : 


Under a bilinear transformation circles and lines are transformed into circles and 
lines. 


Worked Examples : 
Example 1: 


| 5—42 "C Е 
Show that the transformation w = 47.5 Maps the unit circle |z|-1 into a circle 


1 
of radius unity and centre 7 


Solution : 
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do 4wz-2w = 5—47 
oo (4wt+4)z = 5+2w 
5--2W 
oo i = 
4w+4 
Now |2| = 1 = 22 = 1. 








кез 5+2w 
=> ЕП тете | 


=> 25+4ww+l0w+1l0w = lóww +16 + 16(w + w) 


=> 12wwt+6w+6w-9 = 0 


ни -2 0 
е 2 2 4 


| 1 p 3 
This represents the equation of the circle with centre 73 and radius "3 = 1. 


Hence the result. 


Example 2 : 


22+ 3 | = _ | 
Show that the transformation w = 4 maps the circle zz—-2(z+z)=0 into a 


straight line given by 2(w +w)+3 = 0. 





Solution : 
2Z+3 
ұу =æ 
z—4 
90 w(z—4) = 2743 
oo z(w-2) = 3+4w 
3+4w 
e Eu LI о» 
w-2 


The image of the circle zz—2(z+z)=0 is 

rm 3+4% mm 3+4w 
——— | | — 2! | ———_ 1+] — = 0 
w-2 w-2 Ww —2 Ww – 2 


204 





(3 4w)(3--4w) — 2[(3 + 4w)(w —2)+ (3+ 4w Kw - 2)| - 0 

9 + 16ww +12w + 12w—2[3w + Aw W -6— Bw 3w + 4ww — 6-8w] - 0 
9.-22w --22w +24 = 0 

22w + 22% +33 = 0) 

2w -2w 43 = 0 


2(w+w)+3 = 0 which is obviously a straight line. 


Exercise : 


Zz-1 
1. Express Ww = i as a product of elementary transformation. 


1—17. ‚ ; 
2. Prove that the transformation w = reum maps the unit circle jzj=1 into the real 


axis of the w-plane. 


iz--2 D. 
3. Show that the transformation w= FRE maps the real axis in the z plane to a 


circle in the w-plane. Find the centre and radius of the circie. 





4. Prove that if a point on a circle is mapped into © under a bilinear transformation 
then this circle is transformed into a straight line. 


CROSS RATIO 
Definition : 


Let Z,, Z5, Z4, 24 be four distinct points in the extended complex plane. The 
cross ratio of these four points denoted by (Z,, Z} 23, Z4) 1s defined by (Z,, Zy} Zy Z „= 


(zi z3Xzo – 24) 


if none of z,, Z4, Za, Z4 1S ©. 
(zi 24)(22 - 23) ы | 
11 — 23 . | 
= олем if z, is co 





22—74, : 
= 224 if Z, 15 oo 





2| 723 . 
= 25-03 if z, 15 oo 


22 774 ez | 
25-23 | Z, is oo 
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Theorem : 


Any bilinear transformation preserves cross ratio. 


Proof : 





az +b | i | 
Let уу = , ad—be 0 be the given bilinear transformation. Let Z,, Z} Z3, Z4 
cz+d 


be four distinct points. Let their images under this transformation be w,, w,, W4, W4 
respectively. 


We assume that all the z. and w, are different from oo. 


We claim that (z,, Z,, 7, Z4) = (У, Was W4, W4) 


az; +b 


We have li S (17 1, 2 ,3, 4) 
1 





azı +b az3 + b 
cz +d cz3+d 








| 


Ww, Ww; 


(ad – bc)(zy – z3) 
(cz + d(cza +d) 
= K,(z,-2,) (say) 
Similarly wW, = K,(z,-z,) 
(w,-w3)(w,-w,) = K,K,(Z,-2,)(2,-2,4) 
= K(Z,-23)(Z,-2Z,) 


Similarly we can prove that 


(w,—w,)(w;-w.) = K(z,724(G,-24) 
(wi-w3)(wa-w4) _ (m-za3Xza-74) 
(w1-waY(wa2-wa) | (z-zaXz2-23) 


The proof is similar if one of the z, or w; is ©. 


Note 1 : Four distinct points z,, 2,, Z}, 2, are collinear or concyclic iff (21, Z4, 24, Z4) 15 


real. 


Note 2 : Any bilinear transformation preserves cross ratio. Hence it follows that circles 
and straight lines are mapped into circles and straight lines. 
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Worked Examples : 
Example 1 : 


Find the bilinear transformation which maps the points z = —1, 1, o respectively 
on w = -i, —1, i. | 


Solution : 


Let the 1mage of any point z under the required bilinear transformation be w. 


Since bilinear transformation preserves cross ratio we have (z, —1; 1, œ) = 
(w, 3; -1, 1) 


2—1 (w +1)(—1—1) 
1—1 (w —1)(—1+1) 


oo (z-1 )ow-1w-1i-1 ) 





+4iw + 41 


| 


&  w[z-l-i(z-1)-4di] = 4i+(i+1)(z-1) 


(1+1)2+ 31—1 


" w = (1-iz-3i-1 


Example 2: 


Find the bilinear transformation which maps the points z,=0, z,-—1i, z,=—1 into 
the points w,—1, w,=1 and w,=0. 


Solution : 


Let the 1mage of any point z under the required bilinear transformation be w. 


Since bilinear transformation preserves cross ratio we have 


(z, 0; i, -1) = (w,1; 1,0) 
| (2+1)(0+1) (w - 1)(1— 0) 
is (z-1(0-i) ^ (w-O0Yyi-1) 
oo (ztijw(-1) = (—-w-1)(z*1) 
oo w(iz-i) = z+] 
: p abd 
oo Ww = "m 


; 2) 
= z-1 
which is the required bilinear transformation. 
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Exercise : 


1. Find the bilinear transformation which maps z,, Z,, Z} to W,, W» W, respectively 
where 


(1) 2,72;2, 52, 2 
w = 1; w, = 1; w, =-İ 
(ii) Z; = 00,7, = 1, 2. = 0) 
w, = 0, w, = 1, W, = co. 
2. Find a bilinear transformation which maps the vertices 1+1, —i, 2—1 of a triangle 
of the z-plane into the points 0, 1,1 of the w-plane. 


FIXED POINTS OF A BILINEAR TRANSFORMATION 
Definition : 


+b 
where ad—bc = 0. 
cz+d 





Consider a bilinear transformation given by w = 


The fixed points or invariant points of the bilinear transformation are given by 





az+b 
the roots of the equation z = 
cz+d 
i.e., cz*+(d—a)z—b = 0 


Case (i) : 
c x0 
(a— d): (d —a)^ +4be 
2c 


When (d—a)?-4bc # 0, the given bilinear transformation has two finite fixed 
points and when (d—a)*+4bc = 0 it has only one finite fixed point. 


In this case the fixed points are given by z = 


Case (ii) : 


c=0 
In this case the bilinear transformation becomes 
а, Ы 
w = —7+— 
d d 


Clearly o» is one fixed point. 
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Other fixed point is determined by the equation 





"E m. 
a" d d 
і.е., (d-a)z-b = 0 
„b 
If а-а = 0 we get a finite fixed point i-a 


If d-a = 0 then со is the only fixed point. 

Thus we have 

(i) c0; (d—a)^-4bcx0 = 2 finite fixed points. 
(ii) c0; (d—a)*+4bc = 0 — one finite fixed point 
(iii) с=0; azd => œ and one finite fixed point. 


(iv) с=0; a=d => со is the only fixed point. 


Theorem : 


Any bilinear transformation having two finite fixed points a and D can be 





у —@ 2-0 \ > 
written іп the form ——— = К 

у – В z-D 
Proof : 


Let T be the given bilinear transformation having о and p as fixed points. Let 
the image of any point r under T be 8. 


Then the bilinear transformation T is given by 


(w,8;o,B) = (2, а, В) 
enone). eer) 








^ (w-B)(S-a) ^ (z-BXv-o) 
| я-а 2-0 (v -BX8-a) 
1.€., w -f = (c where K = (v - a. (6 – В) === (1) 


Definition : 


Let T be a bilinear transformation with two finite fixed points a, В. ТЕК given 
by (1) is real T is called hyperbolic and if [K|-1, Tis called elliptic. 


209 


Theorem : 

Any bilinear transformation having oo and a # oo as fixed points can be written 
in the form w—a = K(z-a). | 
Proof : 


Let T be the given bilinear transformation having oo and а as fixed points. Let 
the image of any point y under T be 6. 


Then the bilinear transformation is given by 








(w, ð; œ, œ) = (7, ү; @, о) 
A W — С 2, — О 
oo © Ws xs y -— 
co w-a = K(z-a) where К = —— 


y —« 


Definition : 


A bilinear transformation with only one finite fixed point is called parabolic. 


Theorem : 


Any bilinear transformation having oo as the only fixed point is a translation. 


Proof : 





az + b | | : 
Let w = а be the bilinear transformation having о as the only fixed point. 


+d 
Then c = 0 and a= d. 


o> The bilinear transformation reduces to the form 





az+b 
W a 
a 
b oe | 
oo w = Z+— which is a translation. 
a 


Theorem : 


Let C be a circle or a straight line and z,, z, be inverse points or reflection 
points with respect to C. Let w,, w, and C, be the images of z,, z, and C under a 
bilinear transformation. Then w, and w, are inverse points or reflection points with 
respect to C, i.e., a bilinear transformation preserves inverse points. 
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Proof : 


Let the equation of C be pzz+az+az+B =O ы  ------ (1) 
Since z, and z, are inverse points w.r.t. C we have 
pzzo-az,-raz-p-0 » aaa (2) 


Let the given bilinear transformation be 





+b 
w = ea where ad—bc + 0 
cz+d 
dw —b 
oo y ÉD 
-cw +a 


oo Under the given bilinear transformation (1) is transformed into 


dw-b Y dw-b dw – В dw – b 

р ————— -= р aeuo (3) 
—CW +a Д -cw +a —cW +0 —cw +a 

Also (2) is transformed into 
dwi—-b || dw5-b dw5o-b | —í dwi-b 

of =» [992-2 |, ra TEE) + ae) + p ={) азан (4) 
—CW|--a Д —cwo-a —CW7 +a -cw] +a 


Clearly (4) is the condition for Wi апп w, to be inverse points with respect to 


(3). Hence the theorem. 


Note 


: We shall regard the centre of the circle and © as inverse points with respect to 


the circle. 


Exercise : 


l. 


Prove that a bilinear transformation having origin as th fixed point can be 





; | Z 
written in the form w = 
cz+d 


Prove that a bilinear transformation having 0 and œ as fixed points is of the 


form w = az. 


Find the fixed points and the normal form of the following bilinear 
transformations. Also determine whether they are elliptic, hyperbolic or 


parabolic 


62— 9 








, 7—1 317. +1 
w= +3 11 үу = o—— 111 үу = 
0) 2 (1) 2+1 ап) Z+1 


(iv) w= 
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Special Bilinear Transformations 
We shall determine the general form of the transformations which map 
(i) the real axis onto itself 
(ii) the unit circle onto itself 


(iii) the real axis onto the unit circle. 
Theorem 1 : 


- az +b "T 
А bilinear transformation уу = pere" where ad—bc + 0 maps the real axis into 


itself iff a, b, c, d are real. 


Further this transformation maps the upper half plane Im z20 into the upper half 
plane Im w20 iff ad—be>0. 


Proof : 
Suppose a, b, c, d, are real. 
Then z is real > w is also real. 
c» The real axis is mapped into itself. 


Conversely suppose w is a bilinear transformation that maps the real axis into 
itself. | 


c» There exist real numbers x,, x,, x, such that T(x,)=1, T(x,)=0 and T(x,)=0o. 
с, The bilinear transformation is given by 


(Z, X; X>, Хх.) = (w, 1; 0, oo) 


(z-x210u-*3) _ 





oo = W 
(z—x3)(x1 — x2) 
А = aztb Е 
со Дат where a = x,-x4; b = —x,(x,-x,) 
с = XxX; 
and d = -x,(x,-x,) 


Since X,, X,, X, are real a, b, c, d are also real. 


az+b azt+b 


cz+d cz+d 








2ilm w= w-w = 
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(ad — bc)(z - z) _ 1 2 





Е lcz + ар lez + dp" 
ad — bc : 
oo Пп w = lcz + а? 


oo The upper half plane Im z > 0 is mapped onto the upper half plane Im w » 0 
€» ad-bc»0. 


Theorem 2 : 


Any bilinear transformation which maps the unit circle lz| = 1 onto the unit 


! , | IA; 2—0 | 
circle |w|-1 can be written in the form w = е! | 2-8. where à is геа]. 





Further this transformation maps the circular disc |z|€1 onto the circular disc 
|2|<1 iff la|«1. 


Proof : 


aZ+b | 
Let w = pte where ad—bc+0 be any bilinear transformation which maps jz|-1 


onto |w|=1. 


О and co are inverse points with respect to the circle |w] = 1. 


b d 
Hence their pre-images 4°) and (3) are inverse points with respect to IZ|=1. 


e a 


= ] 
b 1 
а О, 
: az + b 7-9 








Let |z| = 1. Hence |w| = 1. 
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aa 
























































z-a 
Y = = jo, 
aai z-a 
= (since zz = 1) 
c llaz—zz 
aal z-a | 
= ||== (since |z| = 1) 
c lia 
ао. 
© jc 
ас 
Thus — = 1 
C 
aq " 
oo S = gi for some real number А. 
C 





oo w= ` | 2- а. where А is real. 


az-1 


МЕ (m ыш 
(z-«)yz-«) _ 


(az – 1)(az —1) 


(z-ayz-8)- (92-10021) 


«2—1 


77 -OZ—-AZ+ AA – 20727 +02 + 02, — 1 
ДАТ pub T ОЕТ ИИМ Te T 


«2-1 


zz(1— aa) - (1 М оа) 
2-0 


(1-aa)(zz-1) 
az - 1l 
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oo The transformation maps |z| < 1 onto |w] < 1 
= 1-aa>0 
> аа <1 
< |0|<1. 
Theorem 3 : 
Any bilinear transformation which maps the real axis onto unit circle |w|-1 can 


4{Z-a 
be written in the form w = (2-8) where А is real. 





Further this transformation maps the upper half plane Im z > 0 onto the unit 
circular disc |у|<1 iff Im a > 0. 


Proof : 


az+b 
Let w = aid where ad-bc + 0 be any bilinear transformation which maps the 


real axis onto the unit circle [w| = 1. 
О and o are inverse points with respect to the unit circle |w| = 1. 


Hence their pre images —(b/a) and (д/с) are reflection points with respect to the 
real axis. 


oo Ifa = —(b/a) then с = —(d/c) 
az + b 





Now, w = 








li 
о |ф 
ч 
м |N 
[ | | 
gig 
Кыс 


Suppose 2 1s real. Hence [w| = 1. 


а 


C 


Z-a 
2—0 

















= |] 
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Since z is real, 2 = 5 and hence 














2-0] = [20] = Iz—a| = Iz — a] 
о а а VA . 
oo = 1. Hence — = e“ where А is real. 
C 
ІМ 2-9 | | , 
oo w= € a where A is real is the required 


transformation. 


| 


=. (222) 2-9 |_| 
ww — 1 2—9 Z—O 
(2) 8 

2-0 Да-а 
—4 Im z Ima 


z-a 





& The bilinear transformation maps the upper half plane Im z20 onto the disc 
Iw|xliff Im a > 0. | 


Worked Examples : 


Example 1 : 

Find the general bilinear transformation which maps the unit circle |z| = 1 onto 
Iw| = 1 and the points z = 1 to w= 1 and z 7-1 to w = –1. 
Solution : 


We know any bilinear transformation which maps |z|=1 onto |w|=1 is of the form 


А 2-€ : 
үу = ё ара: where А 15 real. 


Since 1 and -1 are again mapped to 1, 2р, respectively we have 


inf 1-9 
dui: Cal mE (0 





Dividing (1) by (2) we get 


636 
-1 = |a-1/A1«o 


oo -a-aü-cleg ^ 1+@-@-0@ 
до 2o4+20a = O 
oo а= QE (3) 


Using (3) in (1) we get 1 =-«” 





oo el^ = —] 
! -— Ф —Z 
c» The required transformation 18 W = od 


Example 2 : 


Prove that the transformation, given by awz-bw-bz-a-0 maps the unit 
circle |z|-1 onto the unit circle Iw|*1 if |b] = lal. ` 


Solution : 





awz-bw-bz-«a = 0 
bz-a 

co w = = 
az—b 








mE bz-aYbz-a 
— ww-1 = laz-bAaz-b 
(zz— (ть 4ай) 
z-o 
If [Ы = |a! then ww-120«zz-1- 0. 
©, The unit circle |z| = 1 is mapped onto the unit circle |w| = 1 if |b| = lal. 


Example 3 : 


Show that the bilinear transformation which maps the unit circle lzi-1 onto the 





О, | ага + 6 
unit circle |z|=1 onto the unit circle |м|=1 can be put їп the form w=e (z=) where 


À is real. 
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Further this transformation maps the circular disc |z|€1 onto the circular disc 
Iw|x1 iff јајы. | 


Also if the point z = 1 is the only invariant point show that the transformation 


a 
where К = did "i 





1 
may be written as ont = тұ 


Solution : 
We know that any bilinear transformation which maps |z|=1 onto |w|=1 can be 
Z—O 


written in the form w = €* 63 where u is real and this maps |2|<1 onto |w|<1 iff 





ja|<1. 


Choose а = 1 апа b=-a 














оо ү = ez | 
az-1l 
Е 62-а) bz+a 
7 bz+a 
where ei^ = el! and А is real. 
Further lal<1 © [-b|«a 
€» [Ы<|а 


oo The transformation (1) maps [z|x1 onto |wļ|<1 iff la|7|b|. 
Suppose 2=1 is the only fixed point of (1). 


oo Z = 1 1s the only root of the equation. 


_ (222) Е 
е bz+a 


ie., Б^ (a — ac^ \z -bet 


b(z-1) 


Equating the corresponding coefficient we get 
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be^ = Б 


(2) can be written as a+b 


Using (3) we get a—be'^ 


| 
б 





„ше =т= (using (5)) 
(z—1)(ae – Б) 
b+a+(z—1)b 


(z-1Y84 8) | 
~ (a«b)«(z- 1)b (using (4))° 
1 (а+Ь)+(>—1)Ь 
w-1 (z — 1)(a + b) 
1 b 
z-1 a+b 











e| 2 1 


1 1 
ud x Where K 
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Exercise : 


l. 


Prove that any bilinear transformation which maps the imaginary axis onto the 


TET : iA; 2-9 | 
unit circle |w|-1 can be written іп the form w = € EJ! Further this 


transformation maps the upper half plane Re 220 onto the unit circular disc|w|<1 
iff Re a0. 


1+2 ; 
Show that the bilinear transformation w = т; maps the region |2|<1 onto the 


half plane Re w20. 
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COMPLEX ANALYSIS UNIT - 9 


COMPLEX INTEGRATION 


We define the integral of a complex valued function defined on [a, b] and the 
integral of a function f:D—C where D is a region in C, along a curve C lying in D. We 
prove Cauchy's fundamental theorem and study the various consequences of this 
theorem. 


Definite Integral : 


We start with the definition of definite integral for a continuous complex valued 
function of a real variable. 


Definition : 


Let f(t) = u(t)*iv(t) be a continuous complex valued function defined on [a, b]. . 
b b b 
We define !f(t)dt = Ju(t)dt+iJv(t)dt 
a a a 


Properties of the definite integral 








1. Ке ] rt): = TRef f(t) at 
a a 
b b 
ә. Im Jf(t)dt — JIm[f(t)]dt 
a a 
b b b 
3 f[f(t)-g(t)at = [f(t)dt+ f g(t)at 
a а а 
b b 
4. jCf(t)dt = Cjf (t)dt where C is any complex constant. 
a a 
Lemma : 
3 r(t)at - КӨ 
а а 
Proof : 
Let ]r(oat = reie 
a 
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Tr(tyat 
a 


Thus 





ИО 


Definition : 


Let C be a piecewise differentiable curve given by the equation z=z(t) where 


<t<b. Let f(z) be a continuous complex valued function defined in a region containing 








| 


lA 


I^ 


= 797; (t)dt 


a 


Re (e (| 
a 


r 


(since r is real) 


Re PE (t)dt 
a 


ўве (oa 


a 


(using 4^ property) 


(using (1)) 


b 
| 


а 





(ш 


b 
J 


e |е) 








Troyes 


ШӨ 


b 
the curve C. We define rum = [Ё (z(t)) z (t)dt 
a 


Example 1 : 


1 
Consider j f(z )dz where f(z) ^ — and C is the circle |z| = r described in the 


C 


positive sense. The parametric equation of the circle |z|=r is given by z=r e* where 


0<1<2л and z'(t) = ir е“. 


2, 
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dz 
Note : In general А 7а ~ 211 where C is the circle with centre a radius г given by the 


equation z=atre't, 0<{<2л. 


Theorem : 
j f(z)dz » – [f(z)dz 
-C C 


Proof : 


Suppose the equation of C is given by z=z(t) where a<t<b. We know that the 
equation of —C is given by 


z(t) = z(b-*a-t) where a<t<b. 
fs . (206 +а — t))z (b4-a - tJ(-dt) 
E а 
Риї bta-t = u. 
Then -dt = du 
t=a>u=bandt=b>u=a 
о [ff(z)dz _ (и) z'(u)du 
—C a 
= -[f(z(u)) z' (u)du 
_ -[f(z)dz 
C 
Remark 
l. Let a be a complex constant. 
jaf(z)dz _ aff(z)dz 
Then C C 
) j[£(z) + g(z)]dz . sf(z)dz+ [g(z)dz 
l C C C 
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Definition : 


Let C, be a differentiable curve with origin z, and terminus z,. Let C, be 
another differentiable curve with origin z, and terminus z,. Then the curve C which 
consists of C, followed by C, is a piecewise differentiable curve with origin z, and 
terminus z,. This curve is denoted by C,+C,. 


Note : 


Jf(z)az .. 1 pene Iu 


If C = C,+C, then с, 


In general if C = С,+С,+...... " then 


je(z)dz _ J f(z)dz+ If(z)dz4........ 1f(z)dz 
C 


Ci C2 Cn 


Definition : 


Let C be a piecewise differentiable curve given by the equation z = z(t) where 
а<{<Ь. Then the length 1 of C is defined by 


b 
1 = Í|z'(t)|dt 
a 


Example : 


Consider the circle C with centre a and radius r. We know the parametric 
equation of C is given by z= atre* where 0<1<27. 














z(t) = ire" 
2n 
t = [ Iz (t)at 

0 

ы I ire 
0 0 

= 2л 

Theorem : 
l f(z)dz| < M J where M = max {|f(z)i|zeC}and / is the length of C. 
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Proof : 
Suppose C is given by the equation z = z(t) where a € t x b. 


By definition of M we have |f(z(t)) M forallt;astsb |. ------- (1) 





j f(z)dz 
C 





= Пк) (да 





ІА 


Jit) (oa 
- Пао) coe 


PMlz'(t)lae (using (1)) 
a 


lA 


" мў (tit 
а 


= МІ 


IA 


MI. 





f f(z)dz 
C 





Worked Examples : 


Example 1 : 


Evaluate p where f(z) = y-x-i3x? and C is the line segment from z=0 to 


z=1+1. 
Solution: 
The equation of the line segment C joining z=0 and z=1+1 is given by y=x. 


c» The parametric equation of C can be taken as x=t and y=t where 0<{<1. 


Hence z(t) = x(t)tiy(t) 
= ttit so that z'(t) = 1+1. 
7" —— f((t) = t-t-i3t = 131? 
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f(z(t))z'(t)at 


-i3t^ (14 i)dt 


1 
= —3i(1+ (5) 


0 


С) 
© сч——= oO emm 


= 1-1. 


Example 2 ; 


Prove that J 


_ dz 0 ifnzl | 
C(z- a)" = lxi ifn=1 where C is a circle with centre a and radius r 


and neZ. 


Solution : 


The parametric equation of the circle C is given by 2-а = re", Oxt«2. 








z(t) = ire" 
| 2n {гей 
em. ин | ——— dt 
C(z-a)" u 0 (ге!) 
_ i 2m l7 n)ta. 
yal 0 
[ма-а ^ 
= pgh-l| i(1- n) i when nzl 
| 1 | 07m 1] 
T (1-ny?^l А 
I | 
dz 
If n = I5 bos = 271. 


Hence the result. 
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Example 3 : 


Evaluate em from z=0 to z=4+2i along the curve C consisting of the line 


segment from 2=0 to z=2i followed by the line segment from z=21 to z=4+21. 


Solution : 


Let C, denote the line segment joining 0 to 21 and С, denote the line segment 
joining 21 to 4+21. Then C = С,+С,. 


The parametric equation of C, is given by x(t) = 0 and y(t) = t where 0<{<2. 
Hence z(t) = x(t)t+1y(t) = it so that z'(t) = 1. 


= Dp ыды 2 
Hence p, j(-it)i dt = ftdt 2 
“1 о 0 


The parametric equation of C, is given by x(t) ^ t and y(t) = 2 where 0<1<4. 


Hence z(t) ^ t*21and z'(t) = I. 
- 4 
А jadz _ j(t-2i)dt 
С» 0 
2 
0 
= 8—81 
[zdz _ Jzdz+ |202 
С Сс Cy 
= 2+8-8i 
= 10—81. 


Example 4: 


х. 
Evaluate the integral Н (х -їу^ az where C is the parabola у = 2x? from (1, 2) 
to (2, 8). 


Solution : 


Let f(z) = x^-iy?. The parametric equation of C is given by x=t and y=2t? where 
1stx2. 
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z(t) = x(t)+iy(t) = t+i2t? and z'(t) = 1+4it 


Дх" - iy^ dz 


1(2 - 4it^ )(1+ 4it)at 
1 


= 1 (e +16t”)+ (40 - 4d ) pt 


1 


ғ | 2 

3 6 5 
_ t , 1et " 2 St | 
3 © 5 | 


Example 5: 
Z+2 dz | | | 
Evaluate : ~ z where C is the semi circle 7=2е!9 where О<Ө<л. 


Solution : 
Z'(0) = 2ie?? so that dz = 2iei? dO 





+2 Ө 
pta. 4505 (ic! ae 
C 2 ol 2е9 


_ 2i f(1 + el? ao 
О 





Exercise : 


1. Evalute p where С is the circle |z| = г. 
| a ЖЕ ‚2 
2. Find the vale of the integral (o. "a pum Rz along the straight line from z=0 
to z= l+. 
3; Show that m = = and p = where C is the semicircle |2|=1 and 


O<arg 2<л with initial point z=1. 


2+2 | | 
4. Evaluate Ц " where C is the circle z=2e where —л<Ө<л. 
[2242 | > | 
5. Evaluate C along C where C is the segment joining the points (1, 1) and 


(2, 4). 
CAUCHY'S THEOREM 


Definition : 


Let p(x, y) and q(x, y) be two real valued functions. Then the differential 
equation р(х, y)dx+q(x,y)dy = 0 is said to be exact if there exists a function u(x,y) such 


h me Lo 
that == P an ду . 


We assume the following theorem without proof. 
Theorem : 
[ріх + аду depends only on the end points of C if and only if the integrand is 
C 
exact. 
Note : The above theorem is true if p and q are compelx valued functions as well. 
Theorem : 
Let f(z) be a continuous complex valued function defined on a region D. Then 
pe depends only on the end points of C if and onlyif there exists an analytic 


function F(z) such that F'(z) = f(z) in D. 
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Proof : 


jf(z)dz _ : f(z)(dx + idy) (since z = xtiy) 


| f(z)dx + if(z)dy 
C 


pM depends only on the end points of C if and only if there exists a 


F -if(z). 


OF 
function F(z) defined on D such that Эу =[ (z) and By =if(z 


о OF _1дЕ OF __.дЕ . . 
% Ox idy so that ax ду which is the complex form of the Cauchy- 


Riemann equation for F(z). 
Since f(z) is continuous the partial derivatives of F(z) are also continuous and 
hence F(z) is analytic in D and F'(z) = f(z). 


Hence the theorem. 


Corollary 1 : 
Let f(z) be a continuous complex valued function defined on a region D then 


| f(z)dz 
C 
F(z) such that F'(z) = f(z) in D. 


= 0 for every closed curve C lying in D iff there exists an analytic function 


Corollary 2 : 


n 
: (2 -a) dz-0 for every closed curve C provided n20. 


Proof : 
п+1 
Геї Е(2) = (z-a) 
п+1 
F(z) = (z-a)? = f(z) 
(z)dz = 0 


oo By corollary (1), E 
n 
Hence : (2-а) dz = o for all n20. 
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Lemma : 


Let C be a simple closed curve. Let D denote the closed region consisting of all 
points interior to C together with the points on C. Let f be a function analytic in D. 
Then given є>0 it is possible to cover D with a finite number of squares and partial 
squares whose boundaries are denoted by C, such that there exists a point 2, lying 
inside or on each C; satisfying 


for all points z distinct from each z; and lying inside or on C). 


Proof : 


We subdivide the region D into squares and partial squares by drawing equally 
spaced lines parallel to the coordinate axes. А square is a closed region consisting of 
all points on and interior to it. If a particular square contains points which are not in D 
we remove those points and call what remains a partial square. Here o is a square <>" 
с' is a partial square. This gives a finite number of squares and partial squares which 
cover the region D. 





| jo} | 
NLA ILLA 
Nol 


Suppose the Lemma is false. Then in the covering constructed as above there 
exists a subregion with boundary С, such that no point 2, exists satisfying (1) 


Let co, denote that subregion if it is a square. If it is a partial square let o, 
denote the entire square of which it is a part. 


231 


We now subdivide c, into four smaller squares by drawing line segments 
joining the mid points of the opposite sides. At least one of the four smaller squares 
say с; is such that c, contains points of D and no point 2, satisfying (1) exists. 


Continuing this process we obtain a nested infinite sequence of squares с), 
G5,.....,0,-.-. Such that for each с, no z) satisfying (1) exists. 


Now there exists a point z, common to each o, such that for any б>0 the 
neighbourhood |z-z,|«8 contains all the squares o, for all sufficiently large values of n. 


Hence every neighbourhood of z, contains points of D distinct from z,. Hence 
Zo is a limit point of D. Since D is closed z,«D. 


Since f(z) is analytic at z, there exists 070 such that 


£(2)= (5). oy 


2—20 }<е mete (2) 


Choose N such that th square o, is contained in the neighbourhood [z-z,j«9. 
Then for every point z in o,(2) holds. 


4& z, serves as the point zj stated in the lemma. This is a contradiction since 
there 1s no 2, in o, satisfying (1). 


This contradiction proves the lemma. 


Theorem : Cauchy's Theorem 


Let f be a function which is analytic at all points inside and on a simple closed 


[ f(z)dz 


curve C. Then C =Q. 


Proof: 


Let D be the closed region consisting of all points interior to C together with the 
points on C. 


Let є>0 be given. 


Let C; 0 = 1,2,...... п) denote the boundaries of the squares and partial squares 
covering D such that there exists a pomi 2, lying inside or on C, satisfying 


f(z)- f(z zi) p(s, 


2—7] T ж (1) 
for all 2 distinct from 2, and lying within or on C. 
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f(z)— f(z;) 


—-f'iziljifzzz; 
Let 5.02) = Z—Zj | i} J 


if z=Z j 
Clearly б,(2) is a continuous function and 
f(z) - {(z,)—-z, f (z)*zf'(z))*(z-z.)5.(z) 


EU Е cp Done руле 


_ in cd аш f'(z;) perci 


j (zz; 5;(z)az since [dz- 0 and [207 = 0 
Cj C; Ci 
n n 
о È ff(zdz _ È J (z-z,}8;(z)dz | 


n 
In the sum E zw the integrals along the common boundary of every pair 
a 


of adjacent subregions cancel each other. Since the integral is taken in one direction 
along that line segment in one subregion and in the opposite direction in the other. 





Hence only the integrals along the arcs which are the parts of C remain. 
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А Ў f f(z)dz 
j=1C; 


n 
oo From (2) i = & (2—2;)5 (2)а2 











ј=1С, 
Se тд я Ы In 
А Ы Leine 
. b dcus 

A pex < Ibo (3) 








If C; is a square and s; is the length of its side then Iz-z;|«./2 s; for all z on C.. 


Also from (1) we have lo ya «e and hence 
Jai < уу) 


= 442 А; є where A, is ће area of the square C;. 


Similarly for a partial square with boundary С, if l, is the length of the arc of C 
which forms a part of С, we have 


ДС, Gm < уз є (4з) +/;) 


< 4V2A;e+V2Si 0 wee (5) 


where S is the length of a side of some square containing the entire region D as well as 
all the squares originally used in covering D. 

We observe that the sum of ail the A.'s that occur in the right hand side of (4) 
and (5) do not exceed S? and the sum of all the l's is equal to L (the length of C). 
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Using (4) and (5) in (3) we obtain 








[f(zdz < (4/26? + /251) є 
C | | 
= Ke where K = 44/282 + J2SL 18 a constant. 
Thus De < Ke 








Since є is arbitrary we have [f(z)dz = 0. 
С 


Definition : 


A region D is said to be simply connected if every simple closed curve lying in 
D encloses only points of D. 


For example the interior of a simple closed curve 15 a simply connected region. 
The annular region enclosed by two concentric circle 1s not simply connected. 


A region which is not a simply connected is said to be a multiply connected 
region. 





Multiply connected region Simply connected region 


Cauchy's Theorem for multiply connected regions 


Let C be a simple closed curve. Let CQ =1,2,......n) be a finite number of simple 
closed curves lying in the interior of C such that the intriors of C's are disjoint. Let D 
be the closed region consisting of all points within and on C except the points interior 
to each C.. Let B denote the entire oriented boundary of D consisting of C and all the 
C; described in a direction such that the points of D are to the left of B. Let f be a 


function which 15 analytic in D. Then IN 7 » 
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Proof : 


Let L, be a polygonal path joining a point of C to a point of C,; L, a polygonal 


С, to a point of С, and L,,, a polygonal path joining a point of C, to a point of C 
such that no two L.'s cross each other. 


C 


pn 
- 


This divides the region D into two simply connected regions D, and D,. Let B, 
and B, denote the boundaries of D, and D, respectively. 


By Cauchy's theorem for simply connected region ff (z)dz =0 апа f f(z)dz = 0. 
В| B2 


ff(z)dz+ [f(z)dz [f(z)dz 
Also Bi By ^B 
the opposite directions and cancel each other. 


: ff(zjdz . 
162) -= 0 


since the integrals along L; are taken twice in 


оо 


We observe that B = C-C,-C.- er -C, and hence the above theorem can also be 
written in the form 


[f(zdz _ [f(z)dz+ [f(z)dzs..... Jf(z)dz. 


C C1 C5 Cn 


In particular if C is a simple closed curve and C, 1s another simple closed curve 
lying in the interior of C and f is analytic in the region D consisting of all points inside 


and on C excluding the points interior to C, then pm = се 
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CAUCHY'S INTEGRAL FORMULA 
Theorem : 


Let f(z) be a function which is analytic inside and on a simple closed curve C. 
Let z, be any point in the interior of C. 


1 , f(z) 
Then f(z,) = 2ni í me 


Proof : 


Choose a circle Cy with centre Zə and radius r, such that C, lies in the interior of 
C. 





7 
Z is the only point inside C at which the function 2—20 15 not analytic and 


hence is analytic in the region D consisting of all points inside and on C except the 
points interior to C,. 





f(z)dz f(z)dz 
"ence laa Å 2—24) 
- (оон, 
Со 2— 20) 
E | {ee | f(zo)a 
Со 7 Co 47 20 





| 
— 
мч 
ди 
— 
N 
S” 
| 
A 
N 
e 
м... 
b M TEES 4 
CL 
N 
+ 
+, 
AT 
N 
Ф 
me 
— 
С. 
N 


j 0-08), + f(zo 2i 





Co Z— 20) 
f(z)-fiz | 
Thus | f(z)dz — [| (49-869) usan f(zo) 
C 7-20 Co \- 2— 20 
а-на 
==: она! к 
We claim that Co Z— Zo 0 


Since f(z) is analytic inside and on C it is continuous at Zp. 
oo Given €>0 there exists 620 such that 
IZ—Z [<6 => |f(z)-f(z))|<€ 


If we choose r,<6, then |z-zjl«ry => |f(z)-f(z))|<e. 








Bibi j (A < (jew 
= Jme 
So 1 (A < 2me. 








Since e is arbitrary we have 1 | . 
0 


f(z) | 
oo From (1) we get : c = 211 f(z) 


! f 
оо {(z,) = кын ЖОРУ 
0 2T CZ — Z0 


Theorem : 


Let f(z) be analytic in a region D bounded by two concentric circles C, and C, 
and on the boundary. Let z, be any point in D. Then 


1 ,f(z)dz 1! , f(z)dz 


f(z) = on К 





-— | 





‚2—70 271 С, 2—24) 
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Proof : 


Let L, and L, be two disjoint line segments not passing through z, both joining 
a point of C, to a point of C,. This divides the region D into two simply connected 
region D, and D,. Let B, and B, denote the oriented boundary of D, and D, 
respectively. Then B FB, = С-С 00 -——- (1) 


We assume without loss of generality that z, €D,. 


«—— C, 


By Cauchy's integral formula, 


d | f(z)dz 
2mig, z-29 ^ Rz) ч (2) 








Also 2—20 is analytc in D, and hence by Cauchy's theorem 
] f(z 
—— | f(z) 4, 1 Е Е Ы _ _—С̧_Є_ (3) 
271 B, 27 20 


Adding (2) and (3) and using (1) we get 


1 f(z) | 
zo) = элі C)-Cy 2—20 
oa fs, 


271 С 2— 20 2ni c, Z-Z 


Example 1 : 





Z 
Consider ! 3 C is the circle |z-2| = 5. 
C27 
Let f(z) = 1. 
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The point z — 3 lies inside C. 
Hence by Cauchy's integral formula 
12-3 = 2nif(3)-2mi. 


Example 2: 








e“dz 
Let C denote the unit circle |2|=1. Then ! EUM J 
C 


THEOREM OF ARITHMETIC MEAN 


Let f(z) be analytic inside and on the circle C with centre a and radius r. Then 


l 
f f(z)ds 
f(a) = ) 7 where s is the arc length and / is the circumference of the circle. i.e., 





The value of the function at the centre is equal to the mean of the value of the function 
on the circumference. 


Proof : 


By Cauchy's integral formula we have 


1 ,f(z) 
Қа) = 2i z-as 


The equation of the circle С is given by z=atre' where where 0<0<27. 


oo dz = lr ei?d0 


S f(a) = — ire") 
271 0 re 
2 i 
= E f (а + re’ Jae 
2л 0. 


Also we have s = rO and s varies from 0 to /. 


ds 
r 
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oo f( a) 


элг 1 + ге! \ds 


= 1$ §(2)ds 
lo 


Hence the theorem. 


MAXIMUM MODULUS THEOREM 


Let f(z) be continuous in a closed and bounded region D and analytic and 
nonconstant in the interior of D. Then |f(z)| attains its maximum value on the boundary 
of D and never inthe interior of D. 


Proof : 


Since f is continuous in a closed and bounded region D, |f(z)| is bounded and 
attain its bound. 


oo There exists a positive real number M such that 
(z| < MforallzeD | э ------ (1) 


and equality holds for at least one point z in D. Suppose that there exists an interior 
point z,<D such that 


(zy) M |  —»—»; --—- (2) 


Choose a circle with centre z, and radius r such that the circular disc |Z—Z,|<r is 
contained in D. Then we have 


1 25 iQ i0 
= — | flz+re” Je" dO 
Ка) = zp | flore) 
] 2x iO 
A Meg) s az Petree (3) 





Also from (1) and (2) we have |f(z,+re'®)| < |f(z,)| 


i f(zo + ге!) do 














oo | < 27162,0) 
& f Zo) > Д f (20 re 0 || | .... ( 4) 
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From (3) and (4) we get 


























1 2 ; 
Иб! = 24 j f(zo + re^ Jae 
An 10 
9 2n|f(z)| = : f(zo + re lae 
“f'|£(z0)|40 = T (zo + rel” )ae 
0 0 
2 | ItzoJ.- t(zo + re) ao = 0 
0 


Since the integrand in the above expression is continuous and non negative we 


have 
f(z) Hfz,+re)| = 
1.€., f(z = 
1.€., Iz] = 


0 
Щх®у+ге!®)| for all z in the circular disc |2—2,[<т. 


If(z)| for all z in the circular disc. 


oo f(z) is constant in a neighbourhood of z,. 


Since f(z) is continuous it follows that f(z) is constant throughout D which is a 


contradiction. 


æ The maximum of |f(z)| is not attained at any of the interior points of D. 


Hence the theorem. 
Worked Examples : 


Example 1 : 


zdz 
Evaluate Н Em where C is the positiely oriented circle |z| = 2. 


Solution : 





2.1 B 


242 


o 
оо 


7, 


f dz 


CZ 





2_1 Б 


ТЕ 


д2 1.202 
2cz-1 


2cz41 








f(z) = z is analytic and 1, —1 lie inthe interior of C. 


oo By Cauchy's integral formula 


Example 2: 


Evaluate | ———————————- 
c (z-1(z-2) 


Solution : 


By partial fractions (z-1(z-2) € " 


Let f(z) = sin п 22 + cos л 22 


Then f(z) is analytic inside and on C and the points 1 and 2 lie inside C. 


a 
cz-1 
zdz 


СЕРІ ш 


zdz 


J = 
cz? —1 











(sinn 22 CT cos z^ 


1 


2ni(f(1)) = 2л 
2ni(f(-1)) = —2л 


= (2mi)~=(-2ni) = 2xi 


dz where C is the circle |z| = 3. ' 


1 1 





2—2 z-1 


Hence by Cauchy's integral formula, 


ae a 
cz-1 
f(z 
Similarly а. 
cz-2 
fiz 
Hence ( ) = 


с 1022 


27i(f(1)) 


271(sin п + cos л) 


—271 
27162) 


271 (cos 4л + i sin 4л) 


27i 
211—(—271) = 4л1 
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Example 3 : 
Let C denote the boundary of the square whose sides lie along the lines x = +2 
COSZ 
dz 


and у = +2 where C is described in the positive sense. Evaluate с 42? + 8) 


Solution : 
т г COSZ 
t = = o 
и (2) 22 +8 
The points where f(z) is not analytic are +12./2 and these points lie outside C. 
Hence f(z) is analytic inside and on C. 


oo By Cauchy's integral formula. 


COSZ 
2—0 f(z), _„_. 
с(2+8) = og 7 = 2910) 
= зл + _ 
8 
Example 4: 
Evaluate f = where C is the circle |z| = 2 taken in the positive sense. 


c(9 - z^ (zi) 


Solution : 


Let f(z) = 9 72 


Clearly f(z) 15 analytic within and on C. 


oo By Cauchy's integral formula 


c(9-z°\(z+i) С2+! 
= 271—1) 


Exercise : 


zdz 
1. Prove that d ЕЖ = 2ni where C is ће positively oriented circle [2| = 
1 edz EE | | 
2. Show that = | — = sin t if t>0 and С is the circle |z| = 
Z + 

271 c 1 

sin 32. 
3. Evaluate c,,% where C is the circle |z| = 5. 

2 


[Els - 1, 
4. Evaluate с? a where C is (1) |z| = 7» (ii) |z| = 


dz 
5. Prove : al =0 where C is the positively oriented circle |z| = 


HIGHER DERIVATIVES 


Here we shall prove that an analytic function has derivatives of all orders. It 
follows that the derivative of an analytic function is again an analytic function. 


Consider a function f(z) which is analytic in a region D. Let zeD. Let C be any 
circle with centre z such that the circle and its interior is contained in D. By Cauchy's 





integra: formula we have f(z) = e J £6) c 
211 c$-Z 
|, £(6) n! 65) 
W that f'(z)- — zd% and i 1 £™(z)=— ]————4 d5 
e now prove that f'(z) JE im - E G and in general f")(z)-—— 2 e(t - E 1 


Theorem : 


Let f be =e inside and on a simple closed curve C. Let z be any point 


(n 2 LG 
inside C. Then f'(z) = p c- (2 ас. 
Proof : 
7 D. 
By Cauchy's integral formula we have f(z) = Эл : C-z б. 
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f(z+h)-f(z) _ _1 í £(¢) E a 























" h h(2ni) a -z-h C€-z 
1 hf(¢) 
Волі |a ca e 
1 ғ6)а5 
T 2аіс( 2-60) 00777 " 
6(5)а6 [HS f(&) ^ f(&) ac 
Now (62 h(C-z) сЕ г) 7 а (6-2-)0(6-2) (t-z) 
f(5) 11 
- lees 
(5) h 
- lames 
6(6)а5 
"6-2 ha) 
1 ,___f(6)d6 d, Пас h 6(6)ас 
°° 2ni (6 ~2- һ)(5 – h) Е c(6- zy ~ 2nic(c-z-nyc- zy. 
f(z+h)-f(z) 1 Rio ау (45 | 
& h Ini e(t- г} x C(C- z- ht - z} (using (1)) ----(2) 


Let M denote the maximum value of ЕС) on C. Let L be the length of C and d 
be the shortest distance from z to any point on the curve C. 


oo For any point G on C we have 


\6-zl2d and |C-z-h[»|G-z|-[h|d-/Jhl 











(б) М 
n (Cz) (c- zh) < qA(a-|h) 
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From (2) we get 








бо+в)- 60) 1 00| f M _ 
h 2ri c(t — zy. 2x | d^(d - |h]) 
uM" Hest ка) 1 as | _ 4 
hO h 2ni c(t- 2) 
o Lt f(z-* h)- f(z) = d KOLS 
T h—0 h 2ni c(6 - z)? 
о ' = d KOLA 
оо f'(z) = 21i c(t- 2? 
Remark : 


By using induction on n we can prove that for any positive integer n we have 


at, (© » 





n) = : 
f (z) 2х1 c(6-zy*! 
Worked Examples 
Example 1 : 
e“dz . 2ni 
: mo^ (n-1) where C is the circle |2] = 1. 


Solution : 
Let f(z) = e. f(z) is analytic and f(z) = е? for all n. 
By the formula for higher derivatives 


7, . 


e? e 271 0 271 
Fo. зә a 
Ln cGz-oy = (81) ^ (n-D! 
Example 2 : 
. 2 
sin^ 2 | | | 
[— — 4 dz = mi where C is the circle |z| = 1. 


m 
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Solution : 


Let f(z) = sin?z 
. Then f(z) = 2 sin z cos z= sin 22 
n 
f"(z) = 2 cos 22. Also © lies inside С. 
‚ „2 
sin” 2. 

| 3 dz 211 „| T 

5 Ч*) “т (6 
6 ! 


, T 
= тї! 2 cos— | = тј 
| Эр 


CAUCHY'S INEQUALITY THEOREM 


Let f(z) be analytic inside and on the circle C with centre z, and radius r. Let M 


| (т\) п!М 
denote the maximum of |f(z)| on C. Then [ (zo) e зе 
r 











Proof : 
n! , f(z)dz 
We have (Zz) = эл clz-2)"" 
n!( M n!M 
oo [eX (zo) < (35 Jom) = [n 
n!'M 
Hence I) < Doc 


LIOUVILLE'S THEOREM 


A bounded entire function in the complex plane is constant. 


Proof : 


Let f(z) be a bounded entire function. 


Since f(z) is bounded there exists a real number M such that |f(z)|<M for all z. 


Let z, be any complex number and r20 be апу real number. By Cauchy's inequality we 


M 
C —— 
have 20) = 
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Taking the limit as r0 we get f'(z,) = 0. Since z, is arbitrary f(z) = 0 for all z 
in the complex plane. 


oo f(z) is a constant function. 


FUNDAMENTAL THEOREM OF ALGEBRA 


Every polynomial of degree 2 1 has atleast one zero (root) in C. 


Proof : 
Let f(z) be a polynomial of degree > 1. 
Suppose f(z) has no zero in C. Then f(z) x 0 for all z. 
Further f(z) is an entire function in the complex plane. 


1 
о ——— LI . е 
e f(z) 1s also an entire function. 


Also as 2-эоо, f(z)—oo. 


1 
9% f(z) 20 as Zo, 


1 
oo f(z) is a bounded function. 


1 | 
Hence by Liouville's theorem f(z z) is a constant function. 


Ф f(z) is a constant function and hence it is a polynomial of degree zero which - 
is a contradiction. 


Hence f(z) has atleast one root. 


Hence the theorem. 


MORERA'S THEOREM 


If f(z) is continuous in a simply connected domain D and if IM — 0 for 
every simlpe closed curve C lying in D then f(z) is analytic in D. 


(This theorem 1s the converse of Cauchy's theorem). 
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Proof : 
There exists an analytic function F(z) such that F'(z) — f(z) in D. 
Also we know the derivative of an analytic function is an analytic function. 
ce F(z) = f(z) is analytic in D. 


Hence f'(z) is analytic in D. 
Worked Examples 


Example 1 : 


Evaluate f — di where C is the circle |z| = 2. 
C E 
z—-— |. 
2 


Solution : 


Let f(z) = sin z. Hence f(z) = cos z. Also 2/2 lies inside |z|=2. 


{т 
Непсе bow dz _ 2nif B 


і 

№ 

S 
==, 

e 

o 

o 
NIJ 
S 


Example 2 : 


Evaluate Í з where C is the unit circle. 
C 


(2z 4i) 


Solution : 


2342 1, z? dz 
С(22+1)? т 8с ү 
(^2) 
A 
Let f(z) = 2 
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Then f(z) = 32? 
f'(z = 62 
Also —i/2 lies inside C. 
е z? dz 1 2ni г" (i) 
— с(22+1) 8 2! 
пі 
= —(-61 
= (-6i 
_ Зп 
4 
Example 3: 
(e7 +zsinhz 
Evaluate | — dz where C is the circle |z| = 4. 
C (z-mi) 


Solution : 
Let f(z) = e+zsinhz 


до f'(z) e*+zcoshz+sinhz 


Also mi lies inside C. 


jp) as 


Hence C (z _ mi)? 


|} 


271 Ғ'(т1) 


2ni[e™+nicosh лі + sin h mi] 
271(— 1—71) 


—271(1+701) 


i 


Example 4: 


Show that when f is analytic within and on a simple closed curve C and Zo 15 not 
on C then 


 f'(z)dz | f(z)dz 
CZ-Z% C(z-z0) 
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Solution : 
Case (i) : 
. f(z) f'(z) | 

Suppose Zz, is in the exterior of C. Then both COSME: and Lg, аге analytic 
(2—20) = 





inside and on C. 
oo By Cauchy's theorem 
f'(z)dz f(z)dz 


Ju a 
C*-70 (2-20)? 
Case (ii) : 
Zo lies in the interior of C. 


Then by Cauchy's integral formula 


f'(z)dz " 
| =) = 2n f'(z,) 


Also by the formula for higher derivatives 





f(z) 
[————- dz = Ar. 
C (z- zo 271 f'(z,) | 
f'(z) f(z) 
sence Qz-29 ^ Q(z-20) 
Example 5 : 
Evaluate J E where C is |z| = 1. 
C(, mi 
4 


Solution : 


Let f(z) = sin 27. 


f(z) is analytic and т lies inside C. 


f(z) = 2cos2z 
fz) = —4sin 22 
f"(z) = —8 cos 22 
хі T 
I — == -8 со киы 
Hence | 4 | ( 2 | 
= -8cost{ =) 
2 
sin2Z 
j-——j dz = -Eti оя) 
C(z — ni) 3 2 


Exercise : 


l. 


iz 
Evaluate —3 dz where C is |z| = 2. 
2. 


Evaluate | OMS. where С is lz| = 1 


C X 
Z-—-- 
4 


dz 
——— T 
Prove that d 2: 42) = where С 15 |7—1| = 2. 


2 tsint 
Prove ikat "3 TN. И ge if #0 and C is the circle lz|-3. 





"m eue + i) 
€" | 
Evaluate С(22- 12 where С is |z| = 1. 


| e*dz | 
If C is [z| = 2, prove that 1 —, = 2л1е 
cz-1 
(z' 4 z Jdz 
If C is a closed curve described in the positive sense and $(z,) = | BRE 
С (2— zo) 
show that $(z,) = 12riz when z, is inside C and ф(2,)=0 when z, lies 
outside C. 
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SERIES EXPANSIONS 


Here we consider the problem of representing a given function as a power series. 
TAYLOR'S SERIES 


Taylor's Theorem : 


Let f(z) be analytic 1n a region D containing z,. Then f(z) canbe represented as a 


power series in Z-z, given by 


£a zo) 


ы; (z—zg) +... 


a f'(zo) f"(zg 2 
f(z) = (оо) +20) (2— 29) + TEO (2-29) +....+ 
The expansion is valid in the largest open disc with centre 2, contained in D. 


Proof : 
Let r>0 be such that the disc |z—z,|<r is contained in D. 
Let O<r,<r. Let C, be the circle |z—z,| = r,. 
By Cauchy's integral formula we have 


1 , 6) 
f(z) = 2ni с, (6-2) 





= (1) 


Also by theorem on higher derivatives we have 


ЕСТ 
(2) = 2ni Ci С res (2) 
1 1 

G-z _ (6-z0)-(z- zo) 














n 
шет identity —= Іна a +... o 7l 2% | 
- 0L ] 
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12-0 Z— ZO E (2-20) (2-20)! (2—70) 
5-® (&-zoy (с)? ^ (&-zo (&-zo) (5-2) 


AS) 





Multiplying thoughout by , integrating over C, md using (1) and (2) we get 





f(z), 2, f" (zo) 
2! 


' —]1 : 
f(z) = f(z) + f (20 (z- Zo) + (2—20) аЬ ы (n 1)! (z- zo)” + Ry--(3) 
(zo (QA 
^" C1 (&-z)(6- zo)" 
Неге б lies on C, and z lies in the interior of C, so that |5—z,| = т, and |z-zji-r;. 
dt 6-2] (6—20) (2—20) 


I&-zol-Iz-zo| 


where R, — 


= r-z- 
1 1 
о = MTM _ 
dis IC — zl 5 r —|z—zo| 


Let M denote the maximum value of |f(z)| on C,. 


lz—-zo[ M(2x) 
= ы 2n — (n-|[z- zo|)n? 


Miz - zo| = чү 
(n -|z- zol) n. 


— 7, _ 
0 <l. Hence CLONE -0 


IA 





Z 
Also 








oo Taking Lt as n—o in (3) we get 


f(z) = бао) ECO (2-29) + TEO (2 зо) + tees + —— 
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Note 1 : The above series is called the Taylor series of f(z) about the point z,. Thus 1f 
f(z) is analytic at.a point z, then f(z) can be represented as a Taylor's series about z, in 
non negative powers of z-z, in some neighbourhood of z,. 


Note 2 : TheTaylor series expansion of f(z) about the point zero is called the 
Maclaurin's series. Thus the Maclaurin's series of f(z) is given by 


== 2 e z? ' z” n 
f(z) = f(0)*- f 2 атаа (0)+....+—-ї (0)+... 
Example 1: 


1 
The Taylor's series for f(z) = ра abotu z=1 is given by 


2 = (1) Hoop аа) + Чә ys 


fz) = = => f(1)=1 
l 
f(z) = € => (1) = – 
2 
Pe) = 7. -f'0-2 
f"( = — => f'"(1) = —6 


. . l A 
Hence the Taylor's series expansion for s about 1 is 


1 


2. 


1-(z-1)*(z-1)?-4z-1)..... 
This expansion is valid in the disc |z-1|«1. Similarly the Taylor's series for 


є. 2 ; 

1 1 z-i (z-i 2—1 

{2)=— - about z-i is given by 2" іам ey and the expansion is 
1 i 1 


н int he disc |2—1|<1. 
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Example 2 : 
Let f(z) = е. 
Then f(z) =e? for all n and hence f(0) = 1. 


С -— z zz z” 
Hence the Maclaurin's series for e? is given by e = 1+—+—+——+....+——+.... 


If 2! 3! n! 
and the expansion is valid in the entire complex plane. 


Maclaurin's series expansion of some of the standard functions are : 





A n 
"X Z 7 2 
; е == Е“ NS qure PN (|z| < ©) 
S n-1 
_2 4 | 4-1 Z 
2 sinz = 7 3! + $1 UU +( 1) сату < 00} 
2 4 
Z Z n-] Z 
3 cosz = Senses *(-1) Qn-2) (|z| < ©) 
3 5 | -1 
| Zz 2 221 
4 sinhz = T 3! Sr tan (4 < ©) 
2 2n 
z^ z Z 
5 coshz = atu (28) * (|z| <) 
| 
6 co.” 1-2+22 -234....4(-1)"z"+...((2| <1) 
| 
7. 12; = zz? +27+...+21+..(|4 <1) 
8 log(1+z) = zo n-l 
08(1+2) = Le +—1)  — e... ([z] <1) 
2 3 n 
9. log(l-z) = -z-L—-2£...-2. .. 
og(1-z) CAE. я (8 <1) 


Worked Examples : 


Example 1 : 


_ ! л 
Expand cos z into a Taylor's series about the point 2 = > and determine the 


region of convergence. 
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Solution : 


Let f(z) = cos 2 


Tt 
The Taylor's series for f(z) about z = — is 


A 
(6-3) px) 5) any, 3 
f(z) = pop ZL ef Лү 27 gi 1. + : 
1! 2 2! 2 3! 
f(z) = cosz> (2 = 0 
f(z) = -snz> “(=| = —] 
f(z) = ~(cosz)=> e(z) = 0 
f"(z = sinz=> e(z =] 


: ^. 
The Taylor's series for cos z about z — > 18 


. (к) (3) (Ей 


The expansion is valid throughuot the complex plane. 


COS Z 


Example 2 : 


z-—1 ; 
as a Taylor's series | 
2+1 





Expand f(z) = 


(1) about the point z = 0 
(11) about the point z = 1. 


Solution : 


z-1 


z41 
(2—1) (192)! 


(i) f(z) 
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Determine the region of convergence in each case. 


The region of convergence is |z| < 1. 
z-1 
Z+1 





(ii) f(z) 


z—i 
2+7—1 


7—1 


1+2=1) 
2 


220 2n 
= ——|l- 
A 2 























2—1 
The region of convergence is given by EZ 


disc |z—1|<2. 


«1l which is same as the circular 


Example 3 : 
Show that 


1 оо 
@ alt 5(п+1)(2+1)" when |zt1] <1. 
n-1 
1 
2 


1 1 -2\" 
== La Y Pan) when |2—2|<2. 


n-l. 


Solution : 


| 1 MEN QE 
(0 а = [1 —(2+ )ѓ 
= [1-(z*1)]? 
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= 1+2(2+1)+3(2+1)2+4(2+1)3+.... if |z*1]«1. 


= 1+ ¥(n+1)(z+1)" when 2+1. 























n=l 
1 ; 1 
(11) "y. = 
2 (2-2+2)? 
Е 1 
^ "^ v2 
1.252) 
2 
( КЕ 
4 2 
1 z-2 z-2Y z-2 
= q40723 =] A] | at zI 


























n 
= LANG Eea 3 
4 41] | 
| ‚ {272 T | 
Here the region of convergence is 5 <1 which is the same as the circular 
disc |z-2|«2. 
Example 4 : 
Expand ze^ in a Taylor's series about z = —1 and determine the region of 
convergence. 
Solution : 
Let f(z) = ze^ 
— ze2(zt1) 6-2 
_ - ( ‚1)е2(®+1) _ =) 
е Nu c 
2 2 
_ E (2+1) 14 2241) zt - 1+„24#+1), 4*1 — 
e? 1! 2! 1! 2! 





"5269 


і 
ко| = 
MM 
— 

N 
+ 
pend 
—— 
4- 
NJ 
— 
N 
+ 
-— 
ons 
NA 
М 
MM 
N 
+ 
bm 
М; 
(22 
— — 
| 
MM 
=“ 
+ 
Мә 
MM 
N 
T 
= 
М 
Мә 
NA 
os 
N 
T 
ма 
PME 
KO 
——— — 


[ 
Ф | 
и 
pà 
+- 
тыщ, 
а 
| 
М 
mm 
N 
+ 
рд 
nd 
P EE" 
lt 
| 
NEN, 
м а 
=ч 
N 
+ 
м 
“eee” 
М 
4- 
po TT TT 
[SS 
| 
ete. 
Ngee 
=ч 
N 
+ 
panah 
0) 
+ 
Se | 


The expansion is invalid thruoghout the complex plane. 
Exercise : 


1 . : 
l. Show that 5 = 1-2(z-1)+3(z-1)*4(z-1)++... for all z in |z-1|«1. 
Z 


Z 
2. Expand 73 888 Taylor's series about z = 1. 
3. Find the Taylor's series for ze? about z = 1. 
6 10 14 
4. Show that sin z? = 22-222. for Iz|«oo. 
31 51 7! 


LAURENT'S SERIES 


| 2 bn 
A series of the form s aa (1) 
n= 


| | "e | 1 | 
can be considered as an ordinary power series in the variable —. Hence if the radius of 
7 


оо o b 
n, І “п 
convergence of the power series A" is г and r<co then the series 2 —4 converges 
n= . n=l 7, 
іп the region |z|>r. The convergence is uniform in every region lzi2p»r and the series 
represent an analytic function in {z|>r. 


If the series (1) is combined with the usual power series we get a more general 


= п 
series of the form -83nZ 0 -(2) 


This series is said to converge at a point if the part of the series consisting of 
the negative powers of z and the part of the series consisting of non-negative powers of 
2 are separately convergent. We know that the series consisting of non-negative powers 
of z converges in a disc |z|«r, and the series consisting of negative powers of z 
converges in a region |z|>r,. 
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oo If r; <r, the series represented by (2) converges in the region r,<|z|<r, and in 


this annulus region it represents as analytic function. 
We shall prove that the converse situation is also true. 


i.e., any function which is analytic in a region containing the annulus 


oo n 
r,<|z-z,|<r, can be represented in a series of the form È an(z— zo) 
— 00 


LAURENT'S THEOREM 


Let C, and C, denote respectively the concentric circles Iz-zj-r, and [ег ы 
with r,<r,. Let f(z) be analytic in a region containing the circular annulus ric[z-zl«r,. 
Then f(z) can be represented as a convergent series of positive and negative powers of 
2—2, given by 


y — Pn , У а (2 20)" 


f(z) = п=1(2- zo)” п=0 
1, 60а 
where b, = ^mi С (5-29) "t! and 
a fus 


sn — nig, (c- дуп! 


Proof : 


Let z be any point in the circular annulus riS|z-zj[«r,. Then we have 


l fias 1 (0) 


(2) = 2т1 с, C-Z 2nc, C-z 
1 ,f(5dG 1 6) 
20 f(z) = ліс, C-z ліс z=% 7 (1) 


As in the proof of Taylor's theorem we havé 


| , (б), | 
р a C-z S = aga, (2-2,)*à,(2-z,)^...*a, (z-z9)'"- ^R (2) --(2) 
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1 f(C) 
wherea, = эд btn) and 


(2-20) , — (6)а5 
2m  Ci(5-zo) (6—7) 


1 1 
z-G  Z-Z+Z-C 


R,(z) = 























1 
~ (z-z9)- (5- zo) 
MEC CEN 
Д _ _6—20 
(2 a) zi 
! 6—20 9 
1 C-z C-Z , 6—2 p z- 
- (s=) (878. esl 3 MUS 
Z-— Z0 Z—Z0 'Z— Z0 Z-— 74) 1 (5—20 | 
\z- 20) | 
ultiplying by er and integrating over C, we get 
є(5)а5 bj + b2 ++ bn-1 as {ә 
6 z-G 7 z-z% (2-20) (2—20). sal?) 3) 
к= к f(5)ac 
п 2т Су ГАР 
Е 1 £(5)(S- zo) 45 
Sa 2ni(z—z) Cy 2—6 
From (1), (2) and (3) we get 
f(z) = ag +а{(2— җу)+....+ап—1(®2—20) |. 
by b2 bn-1 
+ + 4... Ht Ry (Z) +5102 
2— Z0 (2-20) (2-20)?! п(2) +502)  _.... (4) 
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The required result follows if we can prove that К —0 and 5 0 as no. 
If G€C, then |C-z,| =r, and 
2—5] = |(z-z9-(G-z9l > Iz-zol-r,. 
If GeC, then |5—z,| = г, and 
IS-z| = |(€-Z9)-(z-Z,)| > r;-Iz-zil 
Let M denote the maximum value of |f(z)| in C,UC,. Then 
lz-zol | M(2n5) 
sS 
" 2T r (12 — |2 — zol) 


М|2- zol (eza 


(n —|2— zol) I5 


IR 





«1, К —0 as noo. 


1 M rj (211) 
al < (z- z0) 2n (Iz — zo| - n) 


М г | ry | 
(Iz— zo|- n) \|®— zol 


I 
Since İz- zol i 1, S0 as noo. 


Also IS 


Hence by taking limit as n—oo in (4) we get 
o0 b оо n 
s Eo E (2—0) 
f(z) n=] (z- zo). n=0 й 
Remark : 


The formulae for the coefficients a, and b, in the Laurent's series expansion are 
giveri by | 


p f(C)db 
a, © 2ni Ci (б— z)! EE (1) 
1 , ка | 
and b, = Oni С, (6-29) 2°! жышана (2) 
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Since the integrands in the integrals of (1) and (2) are analytic functions of G 
throughout the annular region, any simple closed curve C in the annulus can be used as 
the path of integration in place of C, and C,. 


Hence Laurent's series can be written as 
А | | 
f(z) = X An(z-z0) , (n «lz-zo| «2) 
-—O0 


1 ,_f(6)a6 
= n+l 
n 270 C(6- zo) 


Worked Examples : 


Example 1 : 


1 
Ехрапа z(z—1) as Laurent's series 


(1) about z — 0 in powers of z and 
(12) about z = 1 in powers of 2—1. Also state the region of validity. 
Solution : 


(i) The only points where f(z) is not analytic are 0 and 1. Hence f(z) can be 
expanded as a Laurent's series in the annulus 0<|2|<]. 


Е ЖИ 
202—1) 


f(z) 
Z 1 z) 


1 
М ez msnm "- ) (since |z\<1) 


1 
- {накан 
7, 


This is the Laurent's series expansion of f(z) in 0<|[2|<1. 
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(ii) f(z) is analytic in O«[z-1|«1 and hence can be expanded as a Laurent's series in 
powers of 2—1 in this region. 


1 1 1 
z(z-1) ` ze 
= ——[1+(#-1[` 


" —|1-(2-1)+(2-1? (2-13 - | 


(since |z—1|<1) 





" — -1«(z-1)-(z-1P4 ея 


This gives the Laurent's series expansion in 0<|2—1|<1. 


Example 2: 


7 
Find the Laurent's series for (2 n 1)(2 n 2) about z = —2. 


Solution :. 
Z 
е a a ас " 1 М < + < А 
f(z) (2+ (z+ 2) is analytic in 0<|z+2|<1. Hence f(z) canbe expanded as a 


Laurent's series in powers of z+2 in this region. 


Z 
№) = (2+1)(2+2) 


(22210 


~ -[1 —(z+ 2)[(2 +2) 


= Юл (, , 2H 
= ЖШ ЮЛл+(ш+ду+(а+2/?+.... «2s. 


Z+2 
(since |z+2|<1) 


" | = A free) 2 ys... 


Zt 








= L +1+(2®+2)+...+(2+2)+.... 


This is the required Laurent's series expansion of f(z) in 0<|2+2|<1. 
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Example 3: 
—] 
Expand 2c 1)(2 Е 2) as а power series іп 2 in the region 


(1) |zl«1 (ii) 1<|z|<2 (ii) |2|>2. 


Solution : 





| | -1 
"E 82 = (z-1(2-2) 
By splitting into partial fraction, we have 

f Р "—- 
(2) 7—1 z-2 


(1) The only points where f(z) is not analytic are 1 and 2. Hence f(z) 15 analytic in 
IzZi«1 and hence can be represented as a Taylor's series in |z|<1. 








1 1 
a adul ant 
1 1 
= -——+ 
2-1 2—7 
-1 
= -й-#1+1{1-#) 
2 2 


nl- 
n=0 2\2 
00 1 n 
Н HE 


(ii) f(z) is analytic in the annular region 1<|z|<2 and hence can be expanded as a 
Laurent's series in this region. 





f(z) 


ll 
N 
pee coe 
рыд 
| 
оре 
Ke” 
4 
N 
ТМ 
pd 
| 
MÍN 
Nese” 














(since —|«1 and : <1) 
п 
o 7 
ES d es^ antl 


This gives the Laurent's series expansion in 1<]2|<2. 


niea 


«1. 








(i) f(z) is analytic in the domain |2|>2 and in this domain we have 


Hence f(z) 


li 
N 
T 
"ТҮҮ, 
N | 
i TREES. 
| 
N| = 
| 
CC cm 
мә 
ON 


- 3G] aly 





Example 4 : 


2z 
e 
Expand f(z) = (х= 1) 3 about z=1 as a Laurent's series, Also indicate the region 


of convergence of the series. 
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Solution : · 


f(z) — (zy 


„l 


E e E 2—1) 202-102 ; “е у" 4 


(2-1)? 1! 2! 

е^ е E ыт ы ү и 
(z-iy (z-1 2-1 5 3 

This series converges for all values of z except z = 1. 


Exercise : 


1+ 22 1 1 ) 3 
l. Prove that 75 —3 = —*--ltz-Z *Z-... where O«|z|«1. 

Z +7 2 2 
2; Expand in Laurent's series — at the point z = 1. 

| z(z—1) 
1 
3. Expand 22(2-3)? as а Laurent's series at z—3 and state the region of validity. 
o ES -— | | 

4. Represent the function met by its Larent's series in powers of z for the region 


|z|>1. 
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COMPLEX ANALYSIS UNIT - 10 
ZEROS OF AN ANALYTIC FUNCTION 


Definition : 


Let f(z) be a function which is analytic in a region D. Let aeD. Then a is said to 
be a zero of order r (where r is a positive integer) for f(z) if f(z) = (2-а)'ф(2) where 
ф(2) is analytic at a and $(a)z0. — 


Example 1 : 


Il 
e. 
= 
N 


Consider f(z) 


We know that sinz = Z-—-— +—-—.... 


It 
N 
ч 
аф 
| 
N 
wid, 
2E 
N 
л Sy 
| 
Ri 


20(2) 


Obviously ф(2) is analytic and ф(0)=1+0. z=0 is a zero of order 1 for sin z. 


Example 2 : 
Let f(z) = (z-2iy(z3ye 


2i is a zero of order 2 and —3 is a zero of order 3 for f(z). 


Theorem : 


Suppose f(z) is analytic in a region D and is not identically zero in D. Then the 


set of all zeros of f(z) is isolated. 


Proof : 


Те aeD be a zero for f(z). We shall prove that there exists a neighbourhood 


lz-a|«8 such that this neighbourhood does not contain any other zero for f(z). 
Suppose a is a zero of order r for f(z). 
Then f(z) = (ayez ъъ asem (1) 
ф(а)) > O where ф(2) is analytic at a and ф(а) x 0. 
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Since 6$ is analytic at a ф is continuous at a. 
co We can find a 6 > 0 such that 


0(а) 


к-а[<ё8 = Woa < — 


We claim that the neighbourhood |z-a|«8 does not contain апу other zero of f(z). 


Suppose bza 15 another zero for f(z) in this neighbourhood. 


Then lDb-a| < 6 

and f(b) = O0 

A (b-a) é(b) = 0 (from (1)) 
Now since b = a, (b-a) = 0 

do o(b) = 0 

Further lb—al<5 => |ф(5)—ф(а)| < ыз, 


=> (а) < pe) which is a contradiction. 


Thus the neighbourhood |z-a|«ó contains no other zero of f(z) and hence the set 
of all zeros of f(z) 1s isolated. 


Corollary 1: 


Let f(z) be analytic in a region D. Suppose f(z) = 0 on a subset of D which has a 
limit point in D. Then f(z) is identically zero in D. 


Corollary 2: 


Let f(z) and g(z) be two functions which are analytic in a region D. Suppose f(z) 
= g(z) on a subset of D which has a limit point in D. Then f(z) = g(z) in D. 


Exercise : 


1. Find all the zeros of cos 7. 
2. Prove that there is no analytic functions whose zeros are precisely the points 
1 1 1 
Lre Mpe 
2 3 n 
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SINGULARITIES 


Definition : 


А point a is called a singular point or a singularity of a function f(z) if f(z) is 
not analytic at some point of every disc |z—al<r. 


Example 1 : 


Consider the function f(z) = 


м | = 


1 
Then f(z) = —— for all z«O 
Z 


Thus f(z) is analytic except at z = 0 


oo Z = 0 is a singular point of f(z). 


Example 2 : 


] 
Consider the function f(z) = z (z -i) ; О and 1 are singular points for f(z). 


Definition : 
A point a is called an isolated singularity for f(z) if (i) f(z) is not analytic at 


—a and (и) there exists г>0 such that f(z) is analytic in 0<|2—а|<т. 


i.e., the neighbourhood |z—a|<r contains no singularity of f(z) except a. 


Example 1: 


+1 - "m 
f(z) = E = has three isolated singularities z = 0, i, —i. 
2/2 
(z +1) 


Z 


Example 2 : 

Consider the principal branch of logarithm given by log re? = log т + 10 where 
п < < 7. 

АП points on the negative real axis are singular points of the function. These 


singularities are not isolated. 
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Example 3 : 


1 
Consider the function f(z) = Su The singular points are 0, +n, +2л,..... and 


these are isolated singular points. 


We now classify the isolated singularities of a function. 


Let a be an isolated singularity for a function f(z). Let r>O be such that f(z) is 


analytic in 0<|2-ај|<г. In this domain the function f(z) can be represented as a Laurent 
series given by 





b o0 
f(z) - 2, n ut Zan (z—a)" 


L_,_f(6)d6 
where а, = ол с(6– а)?! 

1 ка 
апа b, = 


» ^ 2nic(¢-ay ?*l 


The series consisting of the negative powers of z—a in the above Laurent series 
2 Dn 
expansion of f(z) is given by n=l (z-a) and is called the principal part or singular 


part of f(z) at z=a. 


The singular part of f(z) at z=a determines the character of the singularity. 
There are three types of singularities. They are 
(1) Removable singularities 
(11) Poles 
(111) Essential singularities. 
Definition : 


Let a be an isolated singularity for f(z). Then a is called a removable singulrity 
if the principal part of f(z) at z=a has no terms. 


Note : If a is a removable singularity for f(z) then the Laurent's series expansion of f(z) 
about z = a 1s given by 


f(z) = а (2-а)" 


ajyta,(z-a)*....*a (2-а)"+..... 
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Lt f(z) . 
Hence Ep" ) = а, 
Hence by defining f(a) = a, the function f(z) becomes analytic at a. 
Example 1 : 


sin 2, 
Let f(z) = E Clearly 0 1s an isolated singular point for f(z). 


sinz _ 1 EQ 
7 7, 3| 5! 





Here the principal part of f(z) at z-0 has no terms. 


Hence 2=0 1s a removable singularity. 


Also Lt 2122 
2-0 Z 


that the extended function becomes analytic at z=0. 





= 1. Hence the singularity can be removed by defining f(0)=1 so 


Example 2 : 


2, — ЅІП 7, 
Let f(z) = 773 — 
7 


z = 0 1s an isolated singularity. 





oo Z = 0 15 a removable singularity. 


] 
By defining f(0) = 6 the function becomes analytic at z — O. 


Definition : 


Let a be an isolated singularity of f(z). The point a is called a pole if the 
principal part of f(z) at z=a has a finite number of terms. If the principal part of f(z) at 
2=а 1s given by 
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2-а (z—- a)? (z- а) where b +0, we say that a is a pole of order. г for f(z). 
Note : A pole of order 1 is called a simple pole and a pole of order2 is called a double pole.. 
Example 1 : 


Consider f(z) = —. 
Z 


| 1 
Here the principal part of f(z) at 2=0 has a single term 7 Hence z=0 is a simple 


pole of f(z). 


Example 2 : 
sinz 


Let (2) = tan z = pesas 


-— n ; on 
The singularities of f(z) are RUN where nez. All the singularities are poles of 


order 1. 


Example 3 : 





COSZ 
Let f(z) = PF has a double pole at z = 0. 
" COSZ 1 | 2 
Or, = AA AUD M TT east n 
22 z2 2! 4! 
-dl dz 
a a a 
Example 4: 
2 _ 
Let ite) з= z^ —2z+3 
| 2—2 
f(z) = 2+(z-2)+—— 
2—2 


Here f(z) has a simple pole at z = 2. 
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Definition : 
Let a be an isolated singularity of f(z). The point a 15 called an essential 
singularity of f(z) at z=a if the principal part of f(z) at z=a has an infinite number of 


terms. 


Example 1 : 


Let f(z) = e'*. Obviously z=0 is an isolated singularity for f(z). 


1 1 
elz = 1+—+——— 


772 TN з +--+ The principal part of f(z) has infinite number of 
2 2'2 317 


terms. 
Hence e! has an essential singularity at z=0. 


Example 2 : 


x 4 
Let f(z) = z^ (2) f(z) has essential singularity at z=0. 


Theorem : 


Let f(z) be a function defined in a region D of the complex plane except 
possibly at a point aeD and let a be an isolated singulrity for f(z). Then a is a 
removable singularity for f(z) 1f and only if there exists a unique complex number a, 
such that by defining f(a) = a, the extended function becomes analytic at a. 


Proof: 


Suppose ais a removable singularity for f(z). 


n 
Then f(z) 2, an(2 -a) 0<|2-а <r 
N= 
= agta,(z-a)*a;(z-a)^4.... 


oo By defining f(z) = ay, f becomes analytic at a. Conversely, suppose there 
exists a unique complex number a, such that by defining f(a) = aj. f becomes analytic 


in |z—al<r. 


Hence f can be represented as a Taylor's series, in power of z—a in this 


= n 
neighbourhood, given by f(z) = 2 ап(2-а) . This shows that the principal part of f(z) 
П == 


at z=a has no terms. Hence а is a removable singularity for f(z). 
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Riemann's Theorem : 


Let f be a function which is bounded and analytic throughout a domain 
0<|z—z,|<6. Then either fis analytic at z} or else z, is a removable singular point of f. 


Proof : 


Consider the Laurent's series for the function in the given domain about z,. The 


1 1 f(z)dz 
coefficient b, of (zm is given by b, = 2ni CY pus where C is the circle 
Z-— Zo 


|z-z,| = т where r<6. 


Z— Zo 


Since f is bounded there exists a positive real number M such that |f(z)|<M in 
0<|z—z,|<6. 


| | 1 M(2nr) 
% b € 5r nd 
= Mr. 
Since it is true for every r such that 0<r<6 taking limit r—0 we get b=0. 


Hence the Laurent's series for f(z) has no principal part. 


Theorem : 


Let f(z) be a function having a as an isolated singular point. Then the following 
are equivalent. 


(1) ais a pole of order г for f(z). 


(ii) 2) can be written in the form f(z) = Ө(2) where O(z) has a removable 


i 
(а-а) 
Lt Ө(2) = 0 


singularity at z-a and Nu 


] 
(11) ais a zero of order r for f(z) 
Proof : 


(1) > (и) 
Let a be a pole of order r for f(z). 
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Then the Laurent's series expansion of f(z) about a is given by 


Lobo, »aa(z-a)^ 
е а)" n=0 





f(z) = where b +0. 





d» f(z) Gay br + b,_7(z—a)+...+by(z— "dn * ag(z - aye... 





= | І Ө(2) where Ө(2) = b,*b, ,(2-а)+.... 
2-а 


Clearly | е „Ө(2) = by +0 and O(z) has a removable singularity at z =a 
(ii) => (iii) 

| 1 
Let К) = (uy — —r9(z) 


and by suitably defining 0(a) we may assume that O(z) is analytic at a and O(a)+0. 


l|. (2-а) 1 1 : | 1 
oo f(z) = a(z) and 5 (z) is analytic at a and Ө(а) + 0 


1 
Hence a 15 а zero of order r for f(z) . 


(iii) => (1). Let a be a zero of order r for f( z) | 


1 
Then ү (2) = (2-а)! g(z) where g(z) is analytic at a and g(a) + 0. 


1(2) 
oo f(z) = (z-a) where g,(z) is analytic at a and g,(a)0. 
Let g,(z) = ау+а(2-а)+.....+а (2-а)"+.... 
so that a, = О. 


а а] 


oo f(z) = ur beu Р t an 1(z— a)4.... in 0<|z—al<r. 
: : 5 NL PER: ERES 4. ап-1 
oo The principal part of f(z) at z = a 1s (z-a) (z-ay-| U^ 2-3 and а„=0. 


o» a is a pole of order г for f(z). 
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Theorem : 


An isolated singularity a of f(z) is a pole if and only if Lt f(z)- o. 
2a 


Proof : 


g(z) 


If a 1s a pole of order r for f(z) then f(z) — (z- ay with g(a) # 0. 


oo Lt f(z) = оо. 
Za 


Conversely let a be an isolated singularity for f(z) and let Lt f(z)- oo. 
| Z->a 


Let Ө(2) 


і 


f(z) 


Then Lt e(z) = o 


2-а 


Hence а is a removable singularity for 0(2) and by defining 0(2)=0, Ө becomes 
analytic at a. Let a be a zero of order г for the function O(z). Then a is a pole of order r 
for f(z). 


Definition : 


A function f(z) is said to be a meromorphic function if it is analytic except at a 
finite number of points and these finite set of points are poles. 


Examples : 


| 1 
1. Let f(z) = z(z-- 1) 


f(z) is analytic except at z=0 and z=1. 

Also 0 and 1 are poles of order 1 and 2 respectively. Hence f(z) is a 
meromorphic function. 
Z 1 2 


е 2 Z ; , | 
2: — =—+1+—+—+... 15 a meromorphic function. 


Z Z 2! 3! 


3. e! is not a meromorphic function since z=0 is an essential singularity for e'?, 
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Theorem (Weierstrass Theorem on an essential singularity) 


Let z, be an essential singularity for a function f(z). Let c be any complex 


number. Then given e, 670 there exists a point z, such that 2-2, <8 and f(z)-c|<e. 
(i.e.,) The function f(z) comes arbitrarily close to any complex number in every 

neighbourhood of an essential singularity. 

Proof : 


Suppose the theorem is false. Then there exists є, 670 such that for every point 
z satisfying O«|z-z,|«ó we have |f(z)-c|2e. 


1 


Consider the function g(z) = £( z)- Ы 


1 
o» |g(z)| = lf(z) с се 
Hence g(z) is bounded and further g(z) is analytic in 0<|2—7|<д. 


Hence by Riemann's theorem z=z, is a removable singularity for g(z). 


1 
If g(z,)#0 "- g(z) = f(z)-C is analytic at z,. 





oo By suitably defining g(z,), the function g(z) becomes analytic at Zp. 


If g(z,) = 0 then let z} be a zero of order r for g(z). 


Then z, is a pole of order r for g( 7) = f(z)-c. Thus f(z) is either analytic at z, or 


else z, is a pole of f(z) which is a contradiction to the hypothesis that z, is an essential 
singularity for f(z). 


Hence the theorem. 
Worked Examples 


Example 1 : 





Determine and classify the singular points of f(z) = 77 
G — 
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Solution : 


The singularities of f(z) are given by the values of z for which е2—1 = 0. Hence 
z = 2плі, nez, are the singularities of f(z). 


z^ z” 
ez] = |1+2+—+....+——+..... =l 
| 21 n | 


[| 
N 
+ 

EH 
+ 
Я 
| 
+ 


Z 
oo Lt 
z—0 e^ —1 





Hence 0 1s a removable singularity for f(z). 





Also Lt 


zy .-— 9 jf n#0 and hence 2nri, n¥0 are simple poles of f(z). 
zznmue^-1 


Example 2 : 


‚ (1 
Determine and classify the singularities of f(z) = (1) 


Solution : 
Clearly 0 15 the only singularity of f(z). 


] 1 1 
Also f(z) = с 45 d а 


Thus the principal part of f(z) at z=0 has infinitely many terms and hence 0 is 
an essential singularity for f(z). 


Example 3 : 
1 


Determine and classify the singular points of Y 
(2sinz - 1) 


Solution : 
The singularities of f(z) are given by the values of z for which 2 sin z-1 = 0. 


oo The singularities of f(z) are given by 


Zz = = +201, nez and they аге double poles. 
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Exercise : 


l. Епа the singularities of the following functions and classify the singularities. 
| z? | 1 ) 2^-22+3 
1) —— (ii) Sin} —— iii) ——————— 
(1) TP ш) ia (iii) TE 
2: Show that the singular points of each of the following functions are poles. 
Determine the order of each pole. 


— — 1 
Q2 ® 20,3) dii) (2- Јав 








3. Find the order of the pole 2=0 for the following functions. 
_ e e 6 
1) — i) — iii 
(1) м (i1) 2 (ш) 75 _ 
RESIDUES 


Definition : 
Let a be an isolated singularity for f(z). Then the residue of f(z) at a is defined 


| ] | ; ; 
to be the coefficietn of z2, | the Laurent's series expansion of f(z) about a and is 


denoted by Res { 2); a}. 


1 
Thus Res {f(z); a} = 54: Ц f(z)dz = b1 where C is a circle Iz-a| = r such that f is 
analytic in 0<|z—aj<r. 


Example : 


Consider f(z) = — 
2-5 


oo f(z) has a double pole at z = 0 


1 
oo Resíf(z); 0} = coefficient of z" l. 
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Lemma 1 : 
If z = а 15 a simple pole for f(z) then Res{f(z); aj = A (2- а) (2) 


Proof : 


Since z=a is a simple pole for f(z) the Laurent's series expansion for f(z) about 
Z=a 15 given by 





f(z) = ЫТ +a +aj(z—a)+.... 
(z-a)f(z) = b,+a,(z—a)+a,(z—a)*+..... 
Lt (z-a)f(z) _ b 
Zza l 


= Res{f(z); a} 
Lemma 2: 
MEN _ gí(z) | | 
If a 1s a simple pole for f(z) and f(z) = um where g(z) 1s analytic at a and 
g(a)+0 then Res {f(z); a}=g(a). 


Proof : 


By lemma 1, 


Lt (z—a)f(z) 


Z4 


Lt g(z) 
za 


Res {f(z); a} 


g(a) 


Lemma 3: 





If a is a simple pole for f(z) and if f(z) is of the form Ts where h(z) and k(z) 


are analytic at a and h(a)+0 and k(a)=0 then 


h(z) 


Res {f(z); а} = k'(z) 
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Proof : 


Res {f(z); a} 


< ut bz) ш (259) 





z—a z—a k(z) 
z—a | 
ш e h(z) ректо ир 


: os 





Lemma 4 : 


g(z) 
Let a be a pole of order m>1 for f(z) and let f(z) = (z- а)" where g(z) 15 


m D (a) 


analytic at a and g(a)*0. Then Res {f(z); а} = (m - 1)! 


Proof : 


(m-1)! , g(z)dz 
g(m-D(a) = 2ni C(z-a)™ 


(by theorem on higher derivatives) where C is a circle |z—a| = г such that f(z) is analytic 
in 0<|z—al<r. 


Res {f(z); a} 
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Worked Examples : 
Example 1 : 





at its poles. 


| 2+1 
Calculate the residue of 2 


Solution : 


z41 2+1 
2-22 2-2) 


7 = 0 and 2 = 2 are simple poles for f(z). 


Lt e-o) A | 
z—>0 202-2) 





Let f(z) = 





Res {f(z}, 0} 








ll 
чА 
— 
N 
| 
N 
“чарын” 
гугел 
N 
+ 
-— 
Lll 


Res {f(z); 2} 


z2 z(z—2) 
_ i4 
222 2 A 


Aliter : 


Z 
f(z) can be written as f(z) = B where h(z) = 2+1 and k(z) = z^—2z so that 
k'(z) = 22-2. 


h(0) 
o Resíf(z); 0) = k'(0) (by lemma 3) 
"EN 
|| 2 
h(2 
Res {f(z); 2} = Т = ; 
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Example 2 : 


Find the residue of cot z at z = 0 


Solution : 


z= 0 is а simple pole for cot zZ. 








|| COsz — h(z) 
Let f(z) = ах k(z) 
h(0) соѕ0 
do Res{f(z); 0} = k'(0) e oU 1 
Example 3: 
е^ 
Find the residue of Te See at its poles. 
z^(z +9) 
Solution : 
7, 
Let iz) = Uu 
v z^ (z^ +9) 


Here z = 0 is a double pole and z = 3i and z = —3i are simple poles for f(z). 
e^ 
z^ +9 


Clearly р(х) is analytic at z=0 and 2(0)+0 


To find the Resíf(z); 0} let g(z) = 





К (2 +9)-2z 


e 
(z + 2 


Also g(z) 


g'(0) 
1! 


] 


oo Веѕ{ 2); 0j (by lemma 4) 


2 
9 
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f(z 
To find Res {f(z); 31}, let f(z) = d so that h(z) = e? and k(z) ^ 22(22+9) 
k(z) = 4z?+18z 


b(3i) 
k'(3i) 





o^ Resíf(z); 3i] = 


el 


4(31)? +18(31) 


el 


—1081 + 541 


a-—  ———— т — И mmm 


541 54 
i(cos3 + isin3) 
54 


(sin3+icos3) 


Similarly Res{f(z); —3i} = - 54 


Example 4: 


ze“ 


SS 


Find the residue of (z |? at its pole 


Solution : 


ze” 


Let f(z) = (z-1y 


z = 1 is a pole of order 3 for f(z). 
Let g(z) = ze” so that g'(z) = e*(z*1) 
g"(z) = 0242) 


до Res(f(z); 1} = gu) - 


Exercise : 


1. 


Find the order of each pole and find the residue at the poles for each of the 


following functions. 

"T" EE RC P m 

( 371 © Ba, (i) (2-12 UV (z.4yz-1) 
z^ —2z 


—— 575 —* at all its poles. 
(2+ )^(z + 4) 


Find the residue of 


14 e^ 
Find the residue of Es NR at the pole 2 = 0. 
sin Z+ ZCOSZ 


Find the residue of m S atz-i. 
n 
(1 + z^) 


Prove that 


(i) Res tan 7; z] = —] 


]-cosz ] 





l 


Show that all the singular points of де? —1) are poles. Find the order of poles 


and find the radius at the poles. 


CAUCHY'S RESIDUE THEOREM : 


Let f(z) be a function which is analytic inside and on a simple closed curve C 


except for a finite number of singular points Z1, Z4, Z4,..,Z, inside C. 





Then D E 2л) 5 Res|f(z); zb 
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Proof : 


Let C,, C,,......,C, be circles with centres Z,, Z»,......Z, respectively such that all 
circles are interior to C and are disjoint with each other. 


By Cauchy's theorem for multiply connected regions we have 
[f(zdz _ lf(z)àz If(z)dz4.... J f(z)dz 
C Ci С, Cn 
2niRes { 2); z,}+27iRes (f(z); Z,}+....+2niRes {f(Z); z,} 


(by definition of residue) 
_ 2n Res|f(z);z;} 
j=l 
Example : 


2 
7. 
Evaluate d (z—2)(z+3) where C is the circle |z|=4. 


72 


Let f(z) = (z-2Yz43) 


=? and 2=—3 are simple poles for f(z) and both of them lie inside |z|=4. 


Lt (2-2) —E _ 4 
Res {f(z); 2} 72 (z—2)(z+3) 5 


i 


2 
Z 9 
Е Lt (2+3 —c—|2-— 
Res(f(z); —3} EU lees 2 
| 4 9 
oo By residue theorem реча H zril $+(- J 


2242 


еу prey = 2m 


ARGUMENT THEOREM : 


Let f be a function which is analytic inside and on a simple closed curve C 
except for a finite number of poles inside C. Also let f(z) have no zeros on C. Then 


1 f'(z) | E 
ni -f dz = N-P wher N is the number of zeros of f(z) inside C and P is the 
xi c f(z) 





number of poles of f(z) inside C (A pole or zero of order m is counted m times). 
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Solution : 


Г(2) 
We observe that the singularities of the function f(z) inside C are the poles and 





zeros of f(z) lying inside C. 
Let z, be a zero of order n for f(z). 
Let С, be a circle with centre z, such that it is the only zero of f(z) inside С. 
Then f(z) = (z-z,)"g(z) where g(z) is analytic and non zero inside eo 
Hence f(z) = n(z-z9)"! g(z)+(z-z,)*g'(z) 


fi) n» g0) 
is f(z)  z-zo gz 7777 (1) 


g'(z 
Since g(z) is analytic and non zero inside C, EA 15 also analytic and hence 


can be expanded as a Taylor's series about Zo: 





© Res AUM id 
oo f(z)' Of = coefficient of — (1) 


— n 
f'(z). 
similarly if z, is a pole of order p for f(z), then Res f(z) = –р. 


Hence by Cauchy's residue theorem, 


1 .f'iz 
Эл J CUm = N-P where М is the number of zeros and P is the number of 
пі c f(z) 


poles of f(z) within C. 


Corollary : 


1 ,f'(z) 
If f(z) is analytic inside and on C and not zero on C, then 25i : ЄТ ш, where 


N 1s the number of zeros lying inside C. 


Proof : 
Since the number of poles is zero we have P=0. 


Hence the result. 
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Rouche's Theorem : 


If f(z) and g(z) are analytic inside and on a simple closed curve C and if 
le(z)|«|f(z)| on C then f(z)+g(z) and f(z) have the same number of zeros inside C. 





Proof : 
f(z)tg(z) = сЕ a) {2)ф(2) where ф(2) = LESE 
Hence [f(z)+g(z)]’ = f(z)*g(z) 
= £(z)o(z)+f(Z)o'(Z) 
| f(z)*g(z) _ f(z)e(z)*f(z)t'(z) 
, (area ^ ((2%(® 
| f'(z) ф'(2) 








f(z) (z) 


„ LEC) +e) yz Plz) 10602) 4, 
= a бүчү ЛЫ 0) Ini (2) ^ велев» (1) 


By hypothesis |g(z)| < |f(z)| and hence 


glz) 
f(z) 


oo lé(z)-1| < lonC. 





_ 
2л 


« lonC 








Hence by maximum modulus theorem, |ó(z)-1|«1 for every point z inside C. 


oo $(z)z0 for every point inside C. 








Hence d А 3 dz = Number of zeros of o(z) within C. 
= 0. 
Hence from (1), we have 
ПОТОКОТ 
2ni с f(z)- g(z) = c f(z) 


oo N, = N, where N, and N, denote respectively the number of zeros of 
f(z)*g(z) and f(z) inside C. 


Note : We can deduce the Fundamental theorem of Algebra from Rouche's theorem. 
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Fundamental Theorem of Algebra : 


A polynomial of degree n has n zeros. 


Proof : 


Let a,+a,z+a,z*+...+a,z", where а +0 be a polynomial of degree n. 


Let f(z) = а 2" 
and g(z) = а„+а,+....+а_ |7"! 
g(z) 
Lt =~ = 
Clearly Sou f(z) 0 


Hence there exists a positive real number r such that f(z) Xl for all z with 








|2]>т. 


Hence by Rouche's theorem f(z) and f(z)*g(z) have the same number of zeros 
inside the circle |z| = r+1. But 0 is a zero of multiplicity n for f(z). Hence the given 
polynomial f(z)*g(z) also has n zeros. 


Worked Examples : 
Example 1 : 


2 + 3sin nz d 
Evaluate C z(z - 1. ? where C is a square having vertex at 3+31, 3—31, —3+31, 


—3-31. 
Solution : 


2 + 3510 zz 
Let f(z) = z(z-1y. . Here z = 0 is a simple pole and.z-1 is a double pole for 


f(z) and both of them lie within C. 


It 2 + 351п 72 
Res(f(z); 0} Pa" 421) 


(1 24-35 
Res{f(z); 1) = gu) where g(z) = 2228" 
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z3n cosnz —(2 --3sin nz) 


oo g(z) = 72 

5 | g(1) = -3z-2 

oo Res (f(z); 1j = —3n-2 

oo a oe = 2т1[2—3т—2 | 
= —6т21 


Example 2: 


[1ап zdz 


Evaluate C where C is |z| = 2. 


Solution : 








E: А с. || Sinz | h(z) 
et f(z) = tanz- ace 7 k(z) 
T 
cos z has zeros at z — (2n*1)7, nez. 
| л T. . | 
oo f(z) has simple poles at z = ay and z = 5 inside the circle |z|-2. 





Res[t(2::2.| - X2) TA 
Res[r(2).- 7] T _ nl) 


| 
oe 
| 
tla 
| 
| 
: 
| 
№ | 
MM 
| 
pe 


c» By residue theorem 


fran zz 2ni[(-1)H-1)] 


= -—471 
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Example 3 : 
е22. 


Prove that [— —342 = 27. where C is z] = > 
rove tha с(2+1)3 =- 27 where is =>. 


Solution : 
е22 
[еї f(z) = (z+ 1)? 





f(z) has a pole of order 3 at z = –1. 


g"(-1) 
21 





Res(f(z); -1) = where g(z) = e? 


g(z) = 2e? and g"(z) = 4e% 
22 2 
o | || 4e mu. 
оо Res { f(z); —1} = UM е? 
co By residue theorem 
f f(z)dz = mA - um 
C el е^ 
Example 4: 
zZ +1 
Let f(z) = ne 
(22 +22+ 2) 
1 f'(z) 


Evaluate ^ni : 2) where C is the circle |z| = 4. 


Solution : 


i and —1 are zeros of order 1 and —1+1 and —1— are poles of order 2 for f(z). 
Also these zeros and poles lie inside C. 


Hence number of zeros of f(z) = М = 2 and number of poles of f(z) = P = 4. 
(Poles are counted according to their multiplicity) 


| f(z 
oo By Argument theorem Pp À i = N-P = 2-4 = -2. 
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Exercise : 


3z—4 
1. Evaluate : z(z H 1) dz where C is the circle |2| = 2. 


2. Prove that зе мо where C is ће circle |z| = 1. 
zi 
3. Prove that : Ze "dz- 71 where C is the circle |2| = 5. 


dz 
[————— | _ 
4. Evaluate Cz) (z - 1) where C is the circle |z| = 3. 


Z 
>, Evaluate ! 2 where C is the circle |z| = 2. 
Cz(z - 1) 
— 
e а a 
6. Evaluate ]—-dz where C is the circle |z| = 1. 
(C 


dz 
7. Evaluate ian +4) where Cis (a) |zl=2 (Ы) [z+2|=3. 


e“dz 





8. Prove that J = 871 where C is the circle |z| = 5. 


ccoshz 


EVALUATION OF DEFINITE INTEGRALS 
Туре І: 


2n | | 
| f(cos8,sin®)d® where (соз Ө, sin Ө) is a rational function of cos Ө and sin Ө. 


To evaluate this type of integral we substitute z—e'?. As Ө varies from 0 to 2m, z 
describes the unit circle |2| = 1. 








id , .—10 -1 
Also, cos@ = © айы = сал 
2 2 
iQ 10 2-1 
and sing = £ ы = 
2\ 21 
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substituting these values in the given integrand the integral is transformed into 


—] —] 
Z+Z° 2—1, | | 
= where Ө(2) = Cu Тә; | апа С is the positively oriented unit circle 





[z|- 1. The integral е" сап be evaluated using the residue theorem. 


Worked Examples : 


Example 1 : 


T dO 
Evaluate 0 5+4sine 


Solution : 





т аб 
Геї D = 0 37 4sinO 
Put д = ef? 
Then dz = izdO 
Z— zZ | 
and sinO = | 
21 


The given integral is transformed to 


dz 
i= J T f. рү Where C is the unit circle |2[=1 
C. | Е | 
17] 5+4 - 
21 





f—————— 
C2z? 4 5iz-2 


1 


ша We T ar 4siz-2 


1 


2(z+ 26 ; | 
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i Nov 
oo —21 and => аге simple poles of f(z) and the pole 73 lies inside C. 


i 1 1 
— es] (z) 2) 2. 12(2+21) ^ 3i 
2 


Hence by Cauchy's residue theorem 





1 = эл э: = on 
31 3 
Example 2 : 
Prove that 
2T dO 27 
о l*asinO 1— a^ (—1<а<1) 
Solution : 
Put z = еі 
7, — z | 
Then sin ð = - 
21 
and dz = 12 dO 
21 dO dz 





| pen j Tex where C is the unit circle 
0 C. ZZ | 
izi l+a 2i 


| 212 
тз Cz 2i 4 a(z — 2) 
212 


caz? +2iz—a 


2 
2 


az -21z—a 


Let f(z) 
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The poles of f(z) are given by 


2i N-4 4 4a2 
2a 


Z “== 
, 2 
d - 
a =. (4 -1«a«1) 
a 
СЕО E 
Let Zz, = i+tivi-a 
a 
2 
2nd z, = 1—-1NV1—a 
a 
14-J1- a2 | | 
We note that |z,| = Ta 71 (since —1<а<1). 


Also, since jz, Z,| = 1 it follows that |z,|«1. Hence there are no singular points 
on C and z — z, is the only simple pole inside C. 





2/a 
| = Lt (2-2 
Res| f(z); zl к, fe 21 \(z— | 
2 /а 
1 
С iW- а^ 
By residue theorem 
2r dO 1 
———— n OT е 
о l* asino iV1— a? 
27 
i Ji- а^ 
Example 3 : 
(E 008 
Prove that | = 0a^ * sin^ Ө 


ot 
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Solution : 
т а dO 


I = 0,2 [== 


Т 2a dO 
02а^ +1—со52Ө 
2n ado 

J Z 

о 2a^ +1—со5ф 


adz 


1 | 
M x perc NT (putting z = e'?) 
EE +1— (ez | 


Qa, dz 0. 
1 c| 2(2a? +1)z-z7 -1 


2aif = 


= cz -2 2(2a* +1)2+1 


2ai | f(z)dz 
C 


I 


where f(z) ————————— 
22—2(2а^ +1)2+1 


and C is the unit circle lz|-1. 


Poles of f(z) are the roots of z2-2(2a^*1)z*1 = 0. 


oo 7, = (2а? +1)+2av a^ +1 
(2а? +1)+2ava? +1; 
25 = (242 1) -2ada +1 


Clearly |z,|>1 and |z, z,| = 1 so that Iz, < 1. 


Let Z, 


Hence the only pole inside C is z = z,. 


Res {f(z);z,3 = „Г, M a) 


a z2) 
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72-7] 
1 
— (-4а)ҹа2 +1 
From (1) I zl = | 
rom (1), = 
| —4a a? +1 
T 
а^ +1 
Exercise : 
T" dó mx 
l. Show that | 5+ 3 cos > > 
т dO n 
——— = а>] 
2. Show that i И " ( ) 
2x dO 27 2 
————— = а <] 
3. Show that { ]-- asinO 1-22 | 
™1+2cos0 
4. — Show that | 7; 4 49 = 0 
Q2 T +0050 


Туре 2: 
Pat Vy g(x) E 
J f(x) ^ where f(x) = h(x) and g(x), h(x) are polynomials in x and the degree 
—00 


of h(x) exceeds that of g(x) by atleast two. 
g(Z 
To evaluate this type of integral we take f(z) = h(z) 


The poles of f(z) are determined by the zeros of the equation h(z) = 0. 


Case (i) No pole of f(z) lies on the real axis. 


We choose the curve C consisting of the interval [—r, г] on the real axis and the 


semi circle |2|=т lying in the upper half of the plane. 
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Here r is chosen sufficiently large so that all the poles lying in the upper half of 


the plane lie in the interior of C. Then we have 


2 where C i is the semi-circle. 
—T 


[f(z)dz _ f f(x)dx + j f(z)d 
C С; 
Since deg h(x)-deg f(x)22 it follows that Jf(z)dz — 0 and roo hence Jf (z)dz 
Ci C 


со " а 
j f(x)dx can be evaluated by evaluating [f(z)dz which in turn can be 
—00 С 


evaluated by using Cauchy's residue theorem. 


o 
oo 


Case (ii) : 

f(z) has poles lying on the real axis 

Suppose а-15 a pole lying on the real axis. In this case we indent the real axis by 
a semi-circle C5, of radius є with centre a lying in the upper half plane where є is 


chosn to be sufficiently small. Such an indenting must be done for every pole of f(z) 
lying on the real axis. 





It can be proved that [f(z)dz = —niRe s{ Ё(2);а} 
C2 


oO 
By taking limit as r—co and €—0 we obtain the rules of Jf (x)dx. 
i —00 


Worked Examples : 


Example 1: 


2 
x" —x+2 
Evaluate J dx 


00 x^ +10х2 +9 
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- Proof : 


z 3+2 
7 ae as 
Poles of f(z) are the zeros of z4+10z?+9 = 0 
24+1022+9 = (22+9)(22+1) 
oo Z = +31; +1 
со Z = 31, —31, 1, —1 аге the simple poles of f(z). 
Choose the contour C consisting of the interval [—r, r] on the real axis and the 


semi-circle C,, |z|=r lying in the upper half of the plane. 





I 5 i- 


Jf(z)dz _ j f(x)dx + jfízdz .- |.) | |  , (1) 
C C 


The poles of f(z) lying within C are i and 3i and both of them are simple poles. 


hii 
Res{f(z); i} = ma where (2) = z*~z+2 and k(z) = z4+10z?+9 so that 


k'(z) = 4z54202z. 
„її j- 


—— „== ыы 
Lexi 


i 
—41 +20: 161 


oo Res(f(z); i} 


7 + 31 
481 


| 





Similarly Res{f(z); 31} 


о Н f(zdz _ 2ni х (sum of the residues at the poles) 


(i тз (10 
= 271] ——+ — | = 2л — 
161 481 481 
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rf x?—-x42 7? 242 57 
From (1), ! 27—59 = 


x+ f ——————dz - = 
—r x^ 4 10x? +9 С, z^ +1022 +9 12 


As ro the integral over C,—0 


oo x? x42 а 5n 


о 
оо 


о x^ 4 10x? 4-9 |. 12 


Example 2 : 





4 
о x "х 
Prove that Í p = туз 
0x -1 6 
Solution : 
Let f(z) 2 
е z) = —— 
78.1 


The poles of f(z) are given by the sixth roots of unity namely, e?n*i/6, 
n=0,1,2,3,4,5. — 


oo f(z) has 2 simple.poles on the real axis namely 1 and —1 and the two poles 
ехіЗ and e?7/3 іе on the upper half of the plane. 





|f(z)dz .. [t(z)àz* | £(x)dx+ [f(z)dz 
C Ci =r | С» 
l-& r 
+ J f(x)dx+ ff(z)dz+ jf(x)dx © ____ (1) 
-l+e C3 1+є2 
oo = ~ri Res{f(z);-1} 
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Similarly 


Also 


j f(z)dz 
C3 


j f(z)dz 
C 





i h(=1) | h(z) = z and k(z)=2°-1 


k'(-1) 


—ni Res{f(z);1} 


E ay 





2ni| Re s\ f(z); eins) +Re 51 f(z); ні! 


17/3 127/3 
“н e ees 


el4n/3 еі8л/3 
6c197/3 acil 07/5 


ri (eina ъе7121/3) 
3 


та (е3 _ ein/3) 
3 
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Substituting (2), (3), (4) and (1) and taking limit as є, and €,—0 ræ we get 


4 "T 
? х ay 7l. пі M 





oo 





Example 3 : 


Evaluate I = 


Solution : 


1 | . 
Since ee 15 an even function we have 


(x^ + а?) 
o0 dx 2T dx 
+ (x2 +а2} i pt 
Let f(z) = € 


Poles of f(z) are the roots of (22+а2)2 = 0 
Now, (z*+a*)? = (z+ai)? (z—ai)? 
eo ai and аі are double poles of f(z). 


Choose the contour C consisting of the interval [—r, r] on the real axis and the 
semi circle C, with centre О and radius that lies in the upper half plane. 


о 
оо 


[f(x)dx-- ff(z)dz _ J f(z)dz 
-r С, C 


The poles of f(z) lying within C is z = ai 
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1 











1 , TUNE S 
Res{ f(z); ai} == 1! g'(ai) where g(z) = (z ai)? 
g(z) = -2(ztai)? 
о ' e NE 1 
oo g(at) = 443; 
I Resif(z;ai; = 
оо е si (2); ail m даЗ; 
л 
oo f dz == 2ni( = 
: (z) Аа 2a? 
оо | = 5 + j f(z)dz = 53 
= (x? +a Ci е 


When г->со the integral over C,—0 


| ? dx _ т 
B 69 b" +a? y 2a 
| ? dx _ т 
Шш 0(х2 a? Y с да? 


Exercise : 
Prove the following by using Cauchy's residue theorem. 


ебх m 
() 0x? +1 2 





(ii) („2 +1) 


u P dx _ «3 
un) ox^ +x? +1 6 
2 
о 2х“—1 T 
iv [——————— dx = — 
os] ox^ +5х2 +4 4 
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T dx Е —/2n 
(vi) —o0 (x -— (х + 2) б 





Туреѕ 3: 


T EX). ax dx Or T elx) пах dx where g(x) and h(x) are real polynomials 

o h(x) ыб) 
such that degree of h(x) exceeds that of р(х) by atleast one and a>0. 
Case (i) 

h(x) has no zeros on the real axis. 

| g(z) iaz 
| _ BM“). 

In this case take f(z) h(z) 

оо f(z) has no poles on the real axies. 

Choose the contour as in type 2 and proceeding as in type 2 we get the value of 
© g(x) 


E^) лах 
_„ңх) © 


gx) 


; со 
Taking the real and imaginary parts of | h(x) e^" dx we obtain the value 
—00 





Ф. glx) © g(x) 


——-cosax dx and h(x) sinax dx 


-o h(x) 
Case (ii) 
h(x) has zeros of order one on the real axis 


g(z) iaz | 
Take f(z) = h(z)* . We notice that f(z) has real poles. Suppose a is a real zero 


of h(x) on the real axis. In this case we indent the real axis at a as in type 2 case (ii) 
and evaluate the integral. 
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To prove that the integral over the upper semicircle tends to zero as roo, we 
use the following Lemma. 
Jordon's Lemma : 


Let f(z) be a function of the complex variable z satisfying the following 
conditions. 


(1) f(z) is analytic in upper half plane except at a finite number of poles. 
(1) _ f(z)-90 uniformly as |z|—oo with O<arg z<p 


(ii) ais a positive integer. 
laZ 4, _ ss 
Then Eu : f(z)e"" dz=0 where C is a semi circle with centre at the origin and 
radius r. 
Worked Examples : 


Example 1 : 


ocosxdx т 
Prove that | 





l+x* 2e 


Solution : 
17. 


Let f(z) = T 
+ 





The poles of f(z) are given by i and —i. Choose the contour C as shown in the 
figure. 


-r О r 


The pole of f(z) that lies within C 15 1. Hence by residue theorem 


че = 2ni Resi f(z);i} 


. h(i 
2 0 where h(z) = e” 
and k(z) = 1+22 
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C 2i e 
relax iaz 
x | , dx4 | 5 dz- = 
рх +1 Су 2 +1 е 


When r-»oo the integral over C, tends to zero. 











© cosx dx T 
J y = — 
00 1+х е 
o0 
3, 2j UL es sine —_ is an even funtion | 
01+х е 1+х | 
(0 COSX 
2 pe. Z 
ol+x 2e 
Example 2 : 
T sin x dx T 510 2 
Prove that E) лу” г 
Solution : 
Let f(z) ž 
Z) m E 
22 +4245 
The poles of f(z) are the roots of the equation 
22+42+5 = 0 
: -4+ 416-20 
They are given by 2 = зы ша Lie AR —2 + 1 


2 


Choose the contour C as this : —2+1 is the only pole of f(z) that lies within С 
and it is a simple pole. 
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-T О Г 


Hence by Cauchy's residue theorem, 
f(z)dz 
: (®)% _ 2л Кез{(2);—2+1} 


- h(—2 +i) | 
= " k (2i) where h(z) = e” 


and k(z) = 22+42+5 
—21 


9, f f(x)dx + ff(z)dz _ me 
—T C1 e 





Since the integral over C, tends to zero as roo we have 





oo —21 
fi(xjdx = 79 2 T (cos2 — isin2) 
е 


—o0 e 
Equating imaginary parts we get 
o sinxdx -r sin? 


—со х^+4х+5 — е 
Example 3: 


oosin X 
Prove that Д 





dx £ 
X 2 


Solution : 


17, 
Let f(z) = © The only singular point of f(z) is 0 which is a simple pole and it 
Z 


lies on the real axis. Choose the contour C as shown in the figure. 


C, 


T >E) Е r 
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тен je(z)dz . jf(x)ixe ff(z)dz-- f£(x)dx+ [f(z)dz____(1) 
C +є Ci 


Т C5 


Since f(z) is analytic within C, pe" =0 


Also [ens = -mi(Res[f(z);0]) 


= nie? = —mi os 


Further the integral over C, tends to 0 as roo. 


Hence using (2) and (3) in (1) and taking limit as roo we get - 








0 со 
о = jf(xdx-mi- [f(x)dx 
—00 0 
oo 
оо J f(x)dx = mi 
—00 
Equating the imaginary parts we get 
со sinxdx 
J UU UT шш TC 
eu. X 
Osin x т | sinx. ; 
СА J x dx = ^ since is an even function 
0 


Exercise : 


1. 


Evaluate the following integration with the help of residues. 


n sin x dx (Ans. 








o» cosax dx 
2 : x 1 —ab 

0 (x2 +b?) | (Ал + аЬ)е Jas ooo) 
ох sin x dx re ё 
е Ans.: 7 | 
0 X +a 
o (acosx+xsinx 

pn (Ans:2ne ^) 

х“ +а 

oO 1 —а a 
| хатах а Ans TE sina 
—o X +4 2 


